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The ation for a lass of three-dimensional dilaton-gravity theories, with an eletromagneti
Maxwell eld and a osmologial onstant, an be reast in a Brans-Dike-Maxwell type ation,
with its free ω parameter. For a negative osmologial onstant, these theories have stati, eletri-
ally harged, and spherially symmetri blak hole solutions. Those theories with well formulated
asymptotis are studied through a Hamiltonian formalism, and their thermodynamial properties
are found out. The theories studied are general relativity (ω → ±∞), a dimensionally redued
ylindrial four-dimensional general relativity theory (ω = 0), and a theory representing a lass of
theories (ω = −3), all with a Maxwell term. The Hamiltonian formalism is setup in three dimensions
through foliations on the right region of the Carter-Penrose diagram, with the bifuration 1-sphere
as the left boundary, and anti-de Sitter innity as the right boundary. The metri funtions on the
foliated hypersurfaes and the radial omponent of the vetor potential one-form are the anonial
oordinates. The Hamiltonian ation is written, the Hamiltonian being a sum of onstraints. One
nds a new ation whih yields an unonstrained theory with two pairs of anonial oordinates
{M,PM ; Q,PQ}, where M is the mass parameter, whih for ω < −
3
2
and for ω = ±∞ needs a
areful renormalization, PM is the onjugate momenta of M , Q is the harge parameter, and PQ is
its onjugate momentum. The resulting Hamiltonian is a sum of boundary terms only. A quanti-
zation of the theory is performed. The Shrödinger evolution operator is onstruted, the trae is
taken, and the partition funtion of the grand anonial ensemble is obtained, where the hemial
potential is the salar eletri potential φ¯. Like the unharged ases studied previously, the harged
blak hole entropies dier, in general, from the usual quarter of the horizon area due to the dilaton.
PACS numbers: 04.60.Ds, 04.20.Fy, 04.60.Gw, 04.60.Kz, 04.70.Dy
I. INTRODUCTION
In a previous paper [1℄ we have motivated and studied the Hamiltonian thermodynamis of three-dimensional
dilatoni blak holes. To onstrut a lassial Hamiltonian formalism is important for several reasons. First, it is always
elegant to write the equations of the theory as a pair of symmetri rst order equations. Seond, if one an put the
lassial theory into a Hamiltonian form, then by applying ertain rules one an get a quantized version of the theory in
a rst approximation. Third, through Eulideanization of the Shrödinger time evolution operator exp(−iHt), where
H is the Hamiltonian, one gets the partition funtion, whih in turn leads to a thermodynamial deription of the
system. Thus, the Hamiltonian formalism and the thermodynamial desription are linked subjets. The Hamiltonian
thermodynamis of several dierent blak hole systems have been studied rst by Louko and Whiting in [2℄ and further
analyzed in [3, 4, 5, 6, 7℄ and [1℄, (see also [8, 9℄). The Louko-Whiting method relies on the Hamiltonian approah of
[10℄, whih in turn is an important ramiation of the Arnowitt, Deser, and Misner approah, the ADM approah, and
its major developments [11, 12℄. Other methods, like diret alulation from quantum elds in urved spaetime (see,
e.g, [13, 14℄), or path integral methods (see, e.g, [15, 16, 17, 18, 19℄), have been used to study the thermodynamis of
blak holes. Now, the study of thermodynamis of blak holes in any spei dimension is important, for instane, to
understand universal properties independent of the dimension itself. In partiular, one an single out three dimensions
∗
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2as an adequate interesting dimension, beause three dimensional general relativity has a speial blak hole with simple
properties [20℄, and dilatoni extensions of this theory have blak holes with properties similar to four-dimensional
general relativisti blak holes [21, 22℄.
The main purpose of this paper is to generalize our previous work on Hamiltonian thermodynamis of three-
dimensional dilatoni blak holes [1℄, to blak holes, still in three dimensions, in whih the graviton-dilaton Brans-
Dike theory, with its ω parameter, is oupled to a gauge eld, namely, the eletromagneti eld. Three-dimensional
Einstein-Maxwell theory with its blak hole solution has been studied in [23℄ (see also [20℄), and eletri dilatoni
extensions also have harged blak holes [24, 25℄ (see also [21, 22℄). Further analyses on the properties of these blak
holes have been worked out in [26, 27, 28℄. In priniple, ω an take any value, i.e., ∞ > ω > −∞. But, sine we want
to perform a anonial Hamiltonian analysis, using an ADM formalism supplied with proper boundary onditions, it
is neessary to pik up only those ωs whih yield blak hole solutions that fulll boundary onditions adequate to a
Hamiltonain method. As in the unharged ase [1℄, the ases of most interest are then blak holes for whih ω → ±∞,
ω = 0, and ω = −3. Now, unlike the unharged ase, it was realized in [23, 25℄ (see also [20℄) that the inlusion
of eletri harge reates a ompliation to the denition of the mass M . Indeed, for ω < − 32 , whih inludes the
general relativity ase (sine it an be onsidered as the ω → −∞ limit), one nds a divergent asymptoti behavior
of the mass. This problem an be ured by a proper mass renormalization [23, 25℄. But the whole issue has never
been onfronted when one makes a full use of the Hamiltonian formalism, as we do here. We solve this diulty and
show that the mass redenition onforms wholly with the formalism for the ω →∞ ase, is not needed in the ω = 0
ase and it is ompatible with the ω = −3 ase. In eah ase, the blak hole system and its thermodynamis an then
be studied. We have hosen to study the systems in a grand anonial ensemble. In suh an ensemble, the boundary
radius l, the temperature T (or its inverse β), and the eletri potential (i.e., the hemial potential) φ¯ at the boundary
radius are xed. The eletri potential is onjugate to the eletri harge and, in this ensemble, the harge itself is not
xed. Our main results are, a omplete derivation from a Hamiltonian formalism of the mass-energy 〈E〉, the entropy
S, and the harge 〈Q〉, as well as the establishment that the grand anonial ensemble for harged three dimensional
blak holes is loally stable for the blak holes studied. Thus, the hoie of suh an ensemble is appropriate, sine the
orresponding boundary onditions lead to a well posed problem and a stable ensemble.
The struture of the paper is as follows. In Se. II we present the lassial solutions of the three-dimensional dilatoni
harged blak holes, whose quantization through Hamiltonian methods we will perform. There is a free parameter
ω for whih we hoose three dierent values, ω =∞, 0, −3, orresponding to the BTZ blak hole, the dimensionally
redue four-dimensional ylindrial blak hole, and a three-dimensional dilatoni blak hole, respetively. We also
introdue the spaetime foliation through whih we will dene the anonial oordinates and whih will allow us
to write the ation as a sum of onstraints multiplied by their respetive Lagrange multipliers. Then, follow three
setions, Ses. III, IV, and V, where we develop the thermodynami Hamiltonian formalism for the ω = ∞, 0, −3
harged blak holes, respetively. We divide eah setion into A-F subsetions to better analyze the Hamiltonian
thermodynamis of the systems.
II. CHARGED BLACK HOLE SOLUTIONS ALLOWING HAMILTONIAN DESCRIPTION
A. The 3D blak hole solutions
Three-dimensional theories whih ontain blak holes have been studied in several works. Indeed in [20, 21, 22, 27,
28℄, a Brans-Dike ation, with gravitational and dilaton elds plus a osmologial onstant, was used to study suh
solutions. Now, we an ouple the graviton and dilaton elds to an eletromagneti eld. in order to nd harged
blak hole solutions in three dimensions. For three-dimensional general relativity this has been done in [23℄ (see also
[20℄), whereas for Brans-Dike theory this has been done in [25℄ (see also [28℄). The Brans-Dike ation with a Maxwell
term is given by
S =
1
2pi
∫
d3x
√−g e−2φ (R− 4ω(∂φ)2 + 4λ2 + FµνFµν) + B¯ , (1)
where g is the determinant of the three-dimensional metri gµν , R is the urvature salar, φ is a salar dilaton eld,
ω is the Brans-Dike parameter, λ is the osmologial onstant, Fµν = ∂µAν − ∂νAµ is the Maxwell tensor, where
A = Aµdx
µ
is the vetor potential one-form, and B¯ is a generi surfae term. A general solution is a solution for the
metri, the dilaton and the gauge eld. We searh for stati solutions. The solution for the metri is then [25℄
ds2 = −
[
(aR)2 − b
(aR)
1
ω+1
+
kχ2
(aR)
2
ω+1
]
dT 2 +
dR2
(aR)2 − b
(aR)
1
ω+1
+ kχ
2
(aR)
2
ω+1
+R2dϕ2, ω 6= −2 ,−3
2
,−1 , (2)
3ds2 = −
[(
1 +
χ2
4
lnR
)
R2 − bR
]
dT 2 +
dR2(
1 + χ
2
4 lnR
)
R2 − bR
+R2dϕ2 ω = −2 , (3)
ds2 =
(
4λ2R2 ln(bR) + χ2R4
)
dT 2 − dR
2
4λ2R2 ln(bR) + χ2R4
+R2dϕ2, ω = −3
2
, (4)
ds2 = −dT 2 + dR2 + dϕ2, ω = −1, (5)
where T,R are Shwarzshild oordinates, a is a onstant related to the osmologial onstant (see below), and b is a
onstant of integration related to the mass (see below), χ is onstant of integration related to the eletri harge, and
k is dened as k = 18
(ω+1)2
(ω+2) . The general solution for φ is given by
φ = − 1
2(ω + 1)
ln(aR) , ω 6= −1 , (6)
φ = onstant , ω = −1 . (7)
The general solution for the vetor potential A, written as A = Aµ(r)dx
µ = AT (r) dT , is given by
A =
1
4
χ(ω + 1) (aR)
− 1
ω+1 dT , ω 6= −1 , (8)
A = 0 , ω = −1 . (9)
For the onstant a one has
a =
2 |(ω + 1)λ|√|(ω + 2)(2ω + 3)| , ω 6= −2,−32 ,−1 , (10)
a = 1 , ω = −2,−3
2
, (11)
a = 0 , ω = −1 . (12)
For ω = −2 we have λ2 = −χ2/16, whih means that, unlike for the unharged ase, the osmologial onstant is not
null. The onstant b is related to the ADM mass of the solutions by
M =
ω + 2
ω + 1
b , ω 6= −2, −3
2
, −1 , (13)
M = −b ω = −2 , (14)
M = −4λ2 ln b, ω = −3
2
, (15)
M = 0, ω = −1 . (16)
The onstant χ is s related to the ADM harge of the solutions by
χ2 = Q2 , ω 6= −2,−3
2
,−1 , (17)
χ2 = 0 , ω = −1 . (18)
For ω = −2,− 32 , there is no good denition for Q in terms of χ.
Sine we want to perform a anonial Hamiltonian analysis, using an ADM formalism supplied with proper boundary
onditions, it is neessary to pik up only those solutions that fulll the onditions we want to impose. First, we
are interested only in solutions with horizons, so we take b to be positive. Seond, apart from a measure zero of
solutions, all solutions have a non-zero |λ|. This does not mean straight away that the solutions are asymptotially
anti-de Sitter. Some have one type or another of singularities at innity, whih do not allow an imposition of proper
boundary onditions. So, from [25℄ with the orresponding Carter-Penrose diagrams we disard the following solutions:
ω = −1 whih is simply the Minkowski solution, −1 > ω > − 32 sine it has a urvature singularity at R = +∞, whih
is inside the horizon, and has a null topologial singularity at R = 0, ω = − 32 sine all the Carter-Penrose boundary
is singular, the same happening in the interval − 32 > ω > −2. Thus, the ases of interest to be studied are blak holes
for whih ∞ > ω > −1 and −2 > ω > −∞. For b positive these solutions have ADM mass M positive. As in [1℄ we
hoose three typial amenable ases where an analytial study an be done. The rst ase is the harged BTZ blak
hole [23℄ (see also [20℄), whih an be found by taking appropriately the limit ω → ±∞. This blak hole is thus a
4solution of the Einstein-Maxwell ation in three dimensions. The other ases are ω = 0 and ω = −3. The theory with
ω = 0 is equivalent to ylindrial four-dimensional Einstein-Maxwell general relativity, and the orresponding harge
blak hole was found in [24℄, see also [25℄. The theory with ω = −3 is just a ase of 3D harged Brans-Dike theory,
with a blak hole solution that an be analyzed in this ontext [25℄.
Now, as mentioned in the introdution, the denition of the ADM mass M is not straightforward when there is
eletri harge, in the sense that one an fae a divergent asymptoti behavior of the mass M , see [23, 25℄ as well as
[20℄. The problem is more aute when ω < − 32 , whih inludes the general relativity ase (sine general relativity an
be onsidered the ω → −∞), see [25℄ for a full disussion (see also [20, 23℄). For suh ω, the mass M an be written
as M = MQ=0 + DivM (χ,R), where MQ=0 is the mass for the unharged ase and DivM (χ,R) is the divergent part
when there is harge. To treat this divergene, as explained in [25℄, we onsider a large radius R∗ frontier. Then we
write the mass M as
M = M(R∗) + [DivM (χ,R)−DivM (χ,R∗)] , (19)
where the funtion M(R∗) is equal to
M(R∗) = MQ=0 +DivM (χ,R∗) . (20)
The term in square brakets in Eq. (19) tends to zero as the radius R tends to the frontier radius, R → R∗. M(R∗)
is interpreted as the energy inside the radius R∗. From Eq. (20) the term −DivM (χ,R∗) is interpreted as the energy
outside the frontier in R∗, apart from an innite onstant, whih is hidden in M(R∗). The total mass denition, M ,
is then well dened. In pratial terms, one needs not pay attention to the divergent fators DivM beause all one
needs to do is onsider null the asymptoti limits, limDivM (χ,R) = 0, ignoring the frontier at R∗. For ω > −3/2
the mass term behavior of the three-dimensional blak holes is similar to the Reissner-Nordström ase, and it oers
no problems. Indeed, for the Reissner-Nordström blak hole the metri funtion gtt and the mass term, following the
presription above, are written as gtt = 1− 2M(R∗)R +Q2
(
1
R
− 1
R∗
)
, andM =M(R∗)+ Q
2
2R∗
, respetively. The energy
inside the frontier R∗ is then given by M(R∗), and the eletrostati energy outside is given by Q
2
2R∗
. As this last term
tends to zero as R∗ → ∞ there are no real divergenes in this ase, thus implying that M(R∗) arries no innity
within, and so the presription is trivial, it gves nothing new. This is similar to what happens for three-dimensional
blak holes with ω > −3/2. On the other hand, for ω < −3/2 one should follow the presription arefully, i.e., one
has to hide an innite onstant in the denition of the energy within the frontier at R∗.
B. ADM form of the metri and dilaton
The ansatz for the metri and dilaton elds with whih we start our anonial analysis is given by
ds2 = −N(t, r)2dt2 + Λ(t, r)2(dr +N r(t, r)dt)2 +R(t, r)2dϕ2 , (21)
e−2φ = (aR(t, r))
1
ω+1 . (22)
where {T,R, ϕ} are the Shwarzshild type time, radius, and angular oordinates. This is the ADM ansatz for
spherially symmetri solutions applied to three dimensions. In this we follow the basi formalism developed by
Kuha° [10℄. The anonial oordinates R and Λ are funtions of t and r, i.e., R = R(t, r) and Λ = Λ(t, r). Now,
r = 0 is generially on the horizon as analyzed in [10℄, but for our purposes r = 0 represents the horizon bifuration
point of the Carter-Penrose diagram [2℄ (see also [3℄-[6℄ and [1℄). In three spaetime dimensions the point atually
represents a irle. Asymptotially the oordinate r tends to ∞, and t is another time oordinate. The remaining
funtions are the lapse funtion N = N(t, r), and the shift funtion N r = N r(t, r), and they will play the role of
Lagrange multipliers of the Hamiltonian of the theory. The anonial oordinates R = R(t, r), Λ = Λ(t, r) and the
lapse funtion N = N(t, r) are taken to be positive. The angular oordinates are left untouhed, due to spherial
symmetry. The dilaton is a simple funtion of the radial anonial oordinate, and it an be traded diretly by it
through equation (22), as will be done below. The ansatz (21)-(22) is written in order to perform the foliation of
spaetime into spaelike hypersurfaes, and thus separates the spatial part of the spaetime from the temporal part.
Indeed, the anonial analysis requires the expliit separation of the time oordinate from the other spae oordinates,
and so in all expressions time is treated separately from the other oordinates. It breaks expliit, but not impliit,
ovariane of the theory, but it is neessary in order to perform the Hamiltonian analysis. The metri oeients
of the indued metri on the hypersurfaes beome the anonial variables, and the momenta are determined in the
5usual way, by replaing the time derivatives of the anonial variables, the veloities. Then, using the Hamiltonian,
one builds a time evolution operator to onstrut an appropriate thermodynami ensemble for the geometries of a
quantum theory of gravity. Assuming that a quantum theory only makes sense if its lassial form an be quantized
by Hamiltonian methods, one should pik up only solutions whih an be put onsistently in a Hamiltonian form.
Thus, in the following we perform a Hamiltonian analysis to extrat the entropy and other thermodynami properties
in the three-dimensional Brans-Dike-Maxwell blak holes mentioned above, those for whih ω =∞, 0,−3.
C. ADM form for the vetor potential A
The anonial desription of the vetor potential one-form is given by
A = Γdr +Φdt , (23)
where Γ and Φ are funtions of t and r, i. e., Γ(t, r) and Φ(t, r). The funtion Γ(t, r) is the anonial oordinate
assoiated with the eletri eld, and the funtion Φ(t, r) is the Lagrange multiplier assoiated with the eletromagneti
onstraint, whih is Gauss' Law. In the same way as with the gravitational degrees of freedom above, when the Maxwell
term in the ation (1) is written, the onjugate momentum to the oordinate Γ(t, r) an be derived the usual way
from the Lagrangian.
III. HAMILTONIAN THERMODYNAMICS OF THE CHARGED BTZ BLACK HOLE (ω =∞)
A. The metri and the vetor potential one-form
For ω =∞, the orresponding three-dimensional harged Brans-Dike theory is preisely the one provided by three-
dimensional Einstein-Maxwell theory [20, 23, 25℄. Then the general metri in Eq. (2), the φ eld in Eq. (6), and the
vetor potential one-form (8) redue to the following
ds2 = −
(
R2
l2
−M − piQ2 ln
(
R
l
))
dT 2 +
dR2
R2
l2
−M − piQ2 ln (R
l
) +R2dϕ2 , (24)
e−2φ = 1 , (25)
A =
1
2pi
Q ln
(
R
l
)
dT , (26)
where l is the AdS length, related to the osmologial onstant by 2λ2 = l−2, M is the mass, and Q is the eletri
harge. In this solution the salar eld φ is trivial. Next, in Fig. 1, we show the Carter-Penrose diagram of the
three-dimensional harged blak hole. Despite there being a large and rih struture, the outside region in I is the
relevant one, thus our foliation is from the bifuration point to R =∞, and our boundary onditions reet properties
of the outer horizon at R = Rh, and of the spaelike innity at R =∞.
B. Canonial formalism
Given Eqs. (21)-(23), the three-dimensional ation (1), now an Einstein-Maxwell ation, beomes, exluding surfae
terms,
S[Λ, R, Γ, Λ˙, R˙, Γ˙; N, N r, Φ] =
∫
dt
∫ ∞
0
dr
{
−2N−1Λ˙R˙ + 2N−1N rR′Λ˙ + 2N−1(N r)′ΛR˙+ 2N−1N rΛ′R˙
−2N−1(N r)2Λ′R′ + 2NΛ−2Λ′R′ − 2NΛ−1R′′ + 4Nλ2ΛR
+piN−1Λ−1R
(
Γ˙− Φ′
)2}
, (27)
where 2λ2 = l−2 and l is the AdS length, whih then yields the quantity a is a2 = 2λ2 = l−2. In Eq. (27) a ˙means
derivative with respet to time t and a ′ means derivative with respet to r, and where all the expliit funtional
6R=R i R=R i
R=R i
R=R i
R=Rh R=Rh
R=Rh R=Rh
R
=
8R=
8
II’
II
II’
R=0 R=0
R=0 R=0
FIG. 1: The Carter-Penrose diagram for the harged BTZ ase, where R
h
is the outer horizon radius, Ri is the inner horizon
radius, and the double line is the timelike singularity at R = 0. The stati region I, from the bifuration point to spaelike
innity R =∞, is the relevant region for our analysis. The regions II and II' are inside the outer horizon, beyond the foliation
domain. Region I' is the symmetri of region I, towards left innity.
dependenes are omitted. From the ation (27) one determines the anonial momenta, onjugate to Λ, R, and Γ
respetively,
PΛ = −2N−1
{
R˙−R′N r
}
, (28)
PR = −2N−1
{
Λ˙− (ΛN r)′
}
, (29)
PΓ = 2piN
−1Λ−1R
(
Γ˙− Φ′
)
. (30)
By performing a Legendre transformation, we obtain
H = N
{
−1
2
PRPΛ +
1
4pi
P 2ΓΛR
−1 − 2Λ−2Λ′R′ + 2Λ−1R′′ − 4λ2ΛR
}
+N r {PRR′ − P ′ΛΛ− ΓP ′Γ}+ Φ˜ {−P ′Γ}
≡ NH +N rHr + Φ˜G , (31)
dening impliitly in this way the onstraintsH andHr, andG, and where the new Lagrangemultiplier is Φ˜ ≡ Φ−N rΓ.
Here additional surfae terms have been ignored, as for now we are interested in the bulk terms only. The ation in
Hamiltonian form is then
S[Λ, R, Γ, PΛ, PR, PΓ; N, N
r, Φ˜] =
∫
dt
∫ ∞
0
dr
{
PΛΛ˙ + PRR˙+ PΓΓ˙−NH −N rHr − Φ˜G
}
. (32)
The equations of motion are
Λ˙ = −1
2
NPR + (N
rΛ)′ , (33)
R˙ = −1
2
NPΛ −N rR′ , (34)
P˙R = 4λ
2NΛ− (2N ′Λ−1)′ + (N rPR)′ + 1
4pi
P 2ΓNΛR
−2 , (35)
P˙Λ = 4λ
2NR− 2N ′Λ−2R′ +N r(PΛ)′ − 1
4pi
P 2ΓNR
−1 , (36)
Γ˙ =
1
2pi
PΓNΛR
−1 + (N rΓ)′ + Φ˜′ , (37)
P˙Γ = N
rP ′Γ . (38)
7In order to have a well dened variational priniple, we need to eliminate the surfae terms of the original bulk ation,
whih render the original ation itself ill dened when one seeks a orret determination of the equations of motion
through variational methods. These surfae terms are eliminated through judiious hoie of extra surfae terms
whih should be added to the ation. The ation (32) has the following extra surfae terms, after variation
Surfae terms =
(
−N rPRδR+N rΛδPΛ + 2NΛ−2R′δΛ− 2NΛ−1δR′ + 2N ′Λ−1δR+N rΓδPΓ + Φ˜δPΓ
)∣∣∣∞
0
. (39)
In order to evaluate this expression, we need to know the asymptoti onditions of eah of the above funtions
individually, whih are funtions of (t, r).
Starting with the limit r → 0 we assume
Λ(t, r) = Λ0 +O(r
2) , (40)
R(t, r) = R0 +R2r
2 +O(r4) , (41)
PΛ(t, r) = O(r
3) , (42)
PR(t, r) = O(r) , (43)
N(t, r) = N1(t)r +O(r
3) , (44)
N r(t, r) = O(r3) , (45)
Γ(t, r) = O(r) , (46)
PΓ(t, r) = 2piQ0 + 2piQ2r
2 +O(r4) , (47)
Φ˜(t, r) = Φ˜0(t) +O(r
2) . (48)
Note that there are time dependenes on the left hand side of the fallo onditions and that there are no suh
dependenes on the right hand side, in the lower orders of the expansion in r. This apparent disrepany stems from
the fat that there is in fat no time dependene in the lower orders of the majority of the funtions, but there may
still exist suh dependene for higher orders. Nevertheless, terms suh as R0 are funtions, independent of (t, r), thus
onstant, but undetermined. Their variation makes sense, as we may still vary between dierent values for these
onstant funtions. With these onditions, we have for the surfae terms at r = 0
Surfae terms|r=0 = −2N1Λ−10 δR0 − Φ˜0δ (2piQ0) . (49)
For r →∞ we have
Λ(t, r) = lr−1 + l3η(t)r−3 +O∞(r−5) , (50)
R(t, r) = r + l2ρ(t)r−1 +O∞(r−3) , (51)
PΛ(t, r) = O
∞(r−2) , (52)
PR(t, r) = O
∞(r−4) , (53)
N(t, r) = R(t, r)′Λ(t, r)−1(N˜+(t) +O∞(r−5)) , (54)
N r(t, r) = O∞(r−2) , (55)
Γ(t, r) = O∞(r−2) , (56)
PΓ(t, r) = 2piQ+(t) +O
∞(r−2) , (57)
Φ˜(t, r) = Φ˜+(t) +O
∞(r−1) . (58)
These onditions imply for the surfae terms in the limit r →∞
Surfae terms|r→∞ = 2δ(M+(t))N˜+ + Φ˜+δ (2piQ+) , (59)
where M+(t) = 2(η(t) + 2ρ(t)). So, the surfae term added to (32) is
S∂Σ
[
Λ, R,Q0, Q+;N, Φ˜0, Φ˜+
]
=
∫
dt
(
2R0N1Λ
−1
0 − N˜+M+ + Φ˜0 (2piQ0)− Φ˜+ (2piQ+)
)
. (60)
What is left after varying this last surfae term and adding it to the varied initial ation (see Eq. (32)) is∫
dt
(
2R0δ(N1Λ
−1
0 )−M+δN˜+ + 2piQ0δΦ˜0 − 2piQ+δΦ˜+
)
. (61)
8We hoose to x N1Λ
−1
0 and Φ˜0 on the horizon (r = 0), and N˜+ and Φ˜0 at innity. These hoies make the surfae
variation (61) disappear. The term N1Λ
−1
0 is the integrand of
na(t1)na(t2) = − cosh
(∫ t2
t1
dtN1(t)Λ
−1
0 (t)
)
, (62)
whih is the rate of the boost suered by the future unit normal to the onstant t hypersurfaes dened at the
bifuration irle, i.e., at r → 0, due to the evolution of the onstant t hypersurfaes. By xing the integrand we are
xing the rate of the boost, whih allows us to ontrol the metri singularity when r → 0 [2℄. Finally, we also x Φ˜0
and Φ˜+ at r = 0 and at innity, respetively.
C. Reonstrution, anonial transformation, and ation
In order to reonstrut the mass and the time from the anonial data, whih amounts to making a anonial
transformation, we have to rewrite the form of the solutions of Eqs. (24)-(26). However, in addition to reonstruting
the mass as done in [1℄, we have to onsider how to reonstrut the harge from the anonial data. We follow Kuha°
[10℄ for this reonstrution. We onentrate our analysis on the right stati region of the Carter-Penrose diagram.
Developing the Killing time T as funtion of (t, r) in the expression for the vetor potential (26), and making use
of the gauge freedom that allows us to write
A =
1
2pi
Q ln
(
R
l
)
dT + dξ , (63)
where ξ(t, r) is an arbitrary ontinuous funtion of t and r, we an write the one-form potential as
A =
(
1
2pi
Q ln
(
R
l
)
T ′ + ξ′
)
dr +
(
1
2pi
Q ln
(
R
l
)
T˙ + ξ˙
)
dt . (64)
Equating the expression (64) with Eq. (23), and making use of the denition of PΓ in Eq. (30), we arrive at
PΓ = 2piQ . (65)
In the stati region, we dene F as
F (t, r) =
R2
l2
−M − 1
4pi
P 2Γ ln
(
R
R∗
)
, (66)
where we dene the R∗ as the (large) radius of a nite frontier, whih will serve as a renormalization of the asymptoti
properties of the future anonial oordinate M(t, r) (see subsetion IIA). This frontier will be used throughout the
present setion. We now make the following substitutions
T = T (t, r) , R = R(t, r) , (67)
into the solution (24), getting
ds2 = −(FT˙ 2 − F−1R˙2) dt2 + 2(−FT ′T˙ + F−1R′R˙) dtdr + (−F (T ′)2 + F−1R˙2) dr2 + R2dϕ2 . (68)
This introdues the ADM foliation diretly into the solutions. Comparing it with the ADM metri (21), written in
another form as
ds2 = −(N2 − Λ2(N r)2) dt2 + 2Λ2N r dtdr + Λ2dr2 + R2 dϕ2 , (69)
we an write a set of three equations
Λ2 = −F (T ′)2 + F−1(R′)2 , (70)
Λ2N r = −FT ′T˙ + F−1R′R˙ , (71)
N2 − Λ2(N r)2 = FT˙ 2 − F−1R˙2 . (72)
9The rst two equations, Eqs. (70) and Eq. (71), give
N r =
−FT ′T˙ + F−1R′R˙
−F (T ′)2 + F−1(R′)2 . (73)
This one solution, together with Eq. (70), give
N =
R′T˙ − T ′R˙√−F (T ′)2 + F−1(R′)2 . (74)
One an show that N(t, r) is positive (see [10℄). Next, putting Eqs. (73)-(74), into the denition of the onjugate
momentum of the anonial oordinate Λ, given in Eq. (28), one nds the spatial derivative of T (t, r) as a funtion
of the anonial oordinates, i.e.,
− T ′ = 1
2
F−1ΛPΛ . (75)
Later we will see that −T ′ = PM , as it will be onjugate to a new anonial oordinate M . Following this proedure
to the end, we may then nd the form of the new oordinateM(t, r), as a funtion of t and r. First, we need to know
the form of F as a funtion of the anonial pair Λ , R. For that, we replae bak into Eq. (70) the denition, in Eq.
(75), of T ′, giving
F =
(
R′
Λ
)2
−
(
PΛ
2
)2
. (76)
Equating this form of F with Eq. (66), we obtain
M =
R2
l2
− 1
4pi
P 2Γ ln
(
R
R∗
)
− F , (77)
where F is given in Eq. (76). We thus have found the form of the new anonial oordinate, M . It is now a
straightforward alulation to determine the Poisson braket of this variable with PM = −T ′ and see that they are
onjugate, thus making Eq. (75) the onjugate momentum of M , i.e.,
PM =
1
2
F−1ΛPΛ . (78)
The other natural transformation has been given in (65), namely the one that relates PΓ with Q through PΓ = 2piQ.
As M , Q is also a natural hoie for anonial oordinate, being another physial parameter of the solution (24). The
one oordinate whih remains to be found is PQ, the onjugate momentum to the harge. It is also neessary to nd
out the other new anonial variable whih ommutes with M , PM , and Q, and whih guarantees, with its onjugate
momentum, that the transformation from Λ, R, Γ, to M , Q, and the new variable is anonial. Immediately it
is seen that R ommutes with M , PM , and Q. It is then a andidate. It remains to be seen whether PR also
ommutes with M , PM , and Q. As with R, it is straightforward to see that PR does not ommute with M and
PM , as these ontain powers of R in their denitions, and {R(t, r), PR(t, r∗)} = δ(r − r∗). So, rename the anonial
variable R as R = R. We have then to nd a new onjugate momentum to R whih also ommutes with M , PM ,
and Q, making the transformation from {Λ, R, Γ; PΛ, PR, PΓ } →
{
M, R, Q; PM , P
R
, PQ
}
a anonial one. The
way to proeed is to look at the onstraint Hr, whih is alled in this formalism the super-momentum. This is the
onstraint whih generates spatial dieomorphisms in all variables. Its form, in the initial anonial oordinates, is
Hr = −ΛP ′Λ + PRR′ − ΓP ′Γ. In this formulation, Λ is a spatial density, R is a spatial salar, and Γ is also a spatial
density. As the new variables, M , R, and Q, are spatial salars, the generator of spatial dieomorphisms is written
as Hr = PMM
′ + P
R
R
′ + PQQ′, regardless of the partiular form of the anonial oordinate transformation. It is
thus equating these two expressions of the super-momentum Hr, with M , PM , and Q written as funtions of Λ, R, Γ
and their respetive momenta, that gives us one equation for the new P
R
and PQ. This means that we have two
unknowns, P
R
and PQ, for one equation only. This sugests that we should make the oeients of R
′
and P ′Γ equal
to zero independently. This results in
P
R
= PR − 2λ2F−1ΛPΛR+ F−1Λ−1PΛR′′ − F−1Λ−2PΛΛ′R′
−F−1Λ−1P ′ΛR′ +
1
8pi
P 2ΓR
−1F−1ΛPΛ , (79)
PQ = −2piΓ + 1
2
PΓ ln
(
R
R∗
)
F−1ΛPΛ . (80)
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It an be shown that PQ ommutes with the new P
R
and with the rest of the new oordinates, exept with Q. We
have now all the anonial variables of the new set determined. For ompleteness and future use, we write the inverse
transformation for Λ and PΛ,
Λ =
(
(R′)2F−1 − P 2MF
) 1
2 , (81)
PΛ = 2FPM
(
(R′)2F−1 − P 2MF
)− 1
2 . (82)
In summary, the anonial transformations are the following,
R = R ,
M =
R2
l2
− 1
4pi
P 2Γ ln
(
R
R∗
)
− F ,
Q =
PΓ
2pi
,
P
R
= PR − 2λ2F−1ΛPΛR+ F−1Λ−1PΛR′′ − F−1Λ−2PΛΛ′R′
−F−1Λ−1P ′ΛR′ +
1
8pi
P 2ΓR
−1F−1ΛPΛ ,
PM =
1
2
F−1ΛPΛ ,
PQ = −2piΓ + 1
2
PΓ ln
(
R
R∗
)
F−1ΛPΛ . (83)
It remains to be seen that this set of transformations is in fat anonial. In order to prove that the set of equalities
in expression (83) is anonial we start with the equality
PΛδΛ + PRδR+ PΓδΓ− PMδM − P
R
δR− PQδQ =
(
δR ln
∣∣∣∣2R′ + ΛPΛ2R′ − ΛPΛ
∣∣∣∣)′ +
+ δ
(
ΓPΓ + ΛPΛ +R
′ ln
∣∣∣∣2R′ − ΛPΛ2R′ + ΛPΛ
∣∣∣∣) . (84)
We now integrate expression (84) in r, in the interval from r = 0 to r =∞. The rst term on the right hand side of
Eq. (84) vanishes due to the fallo onditions (see Eqs. (40)-(48) and Eqs. (50)-(58)). We then obtain the following
expression∫ ∞
0
dr (PΛδΛ + PRδR + PΓδΓ)−
∫ ∞
0
dr
(
PMδM + P
R
δR+ PQδQ
)
= δω [Λ, R, Γ, PΛ, PΓ] , (85)
where δω [Λ, R, Γ, PΛ, PΓ] is a well dened funtional, whih is also an exat form. This equality shows that the
dierene between the Liouville form of {R, Λ, Γ; PR, PΛ, PΓ} and the Liouville form of
{
R, M, Q; P
R
, PM , PQ
}
is
an exat form, whih implies that the transformation of variables given by the set of equations (83) is anonial.
Armed with the ertainty of the anoniity of the new variables, we an write the asymptoti form of the anonial
variables and of the metri funtion F (t, r). These are, for r→ 0
F (t, r) = 4R22Λ
−2
0 r
2 +O(r4) , (86)
R(t, r) = R0 +R2 r
2 +O(r4) , (87)
M(t, r) = M0 +M2 r
2 +O(r4) , (88)
Q(t, r) = Q0 +Q2 r
2 +O(r4) , (89)
P
R
(t, r) = O(r) , (90)
PM (t, r) = O(r) , (91)
PQ(t, r) = O(r) , (92)
with
M0 = l
−2R20 − piQ20 ln
(
R0
R∗
)
, (93)
M2 = 2l
−2R0R2 − 2pi ln
(
R0
R∗
)
Q0Q2 − piQ20R2R−10 − 4Λ−20 R22 . (94)
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For r →∞, we have
F (t, r) = 2λ2 r2 − 2(η(t) + 2ρ(t)) +O∞(r−2) , (95)
R(t, r) = r + (2λ2)−1ρ(t) r−1 +O∞(r−3) , (96)
M(t, r) = M+(t) +O
∞(r−2) , (97)
Q(t, r) = Q+(t) +O
∞(r−2) , (98)
P
R
(t, r) = O∞(r−4) , (99)
PM (t, r) = O
∞(r−5) , (100)
PQ(t, r) = O
∞(r−2) , (101)
where M+(t) = 2(η(t) + 2ρ(t)), as seen before in the surfae terms (see Eq. (60)). Note here that without the
treatment of the divergene in subsetion IIA the funtion M(t, r) would diverge.
We are now almost ready to write the ation with the new anonial variables. It is now neessary to determine
the new Lagrange multipliers. In order to write the new onstraints with the new Lagrange multipliers, we an use
the identity given by the spae derivative of M ,
M ′ = −Λ−1
(
R′H +
1
2
PΛ (Hr − ΓG)− 1
2pi
PΓG ln
(
R
R∗
)
Λ
)
. (102)
Solving for H and making use of the inverse transformations of Λ and PΛ, in Eqs. (81) and (82), we get
H = −
M ′F−1R′ + FPMP
R
+ 2piQQ′R′F−1 ln
(
R
R∗
)
(
F−1(R′)2 − FP 2M
) 1
2
, (103)
Hr = PMM
′ + P
R
R
′ + PQQ′ , (104)
G = −2piQ′ . (105)
Following Kuha° [10℄, the new set of onstraints, totally equivalent to the old set H(t, r) = 0, Hr(t, r) = 0, and
G = 0, outside the horizon points, is M ′(t, r) = 0, P
R
(t, r) = 0, and Q′(t, r) = 0. By ontinuity, this also applies on
the horizon, where F (t, r) = 0. So we an say that the equivalene is valid everywhere. The new Hamiltonian, whih
is the total sum of the onstraints, an now be written as
NH +N rHr + Φ˜G = N
MM ′ +NRP
R
+NQQ′ . (106)
In order to determine the new Lagrange multipliers, one has to write the left hand side of the previous equation, Eq.
(106), and replae the onstraints on that side by their expressions as funtions of the new anonial oordinates,
spelt out in Eqs. (103)-(105). After manipulation, one gets
NM = − NF
−1R′(
F−1(R′)2 − FP 2M
) 1
2
+N rPM , (107)
NR = − NFPM(
F−1(R′)2 − FP 2M
) 1
2
+N rR′ , (108)
NQ =
2piNQR′F−1 ln
(
R
R∗
)
(
F−1(R′)2 − FP 2M
) 1
2
+N rPQ − 2piΦ˜ . (109)
Using the inverse transformations Eqs. (81)-(82), and the identity R = R, with PΓ = 2piQ, we an write the new
multipliers as funtions of the old variables
NM = −NF−1R′Λ−1 + 1
2
N rF−1ΛPΛ , (110)
NR = −1
2
NPΛ +N
rR′ , (111)
NQ = NPΓR
′F−1Λ−1 ln
(
R
R∗
)
− 2piN rΓ + 1
2
N rPΓF
−1 ln
(
R
R∗
)
ΛPΛ − 2piΦ˜ , (112)
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allowing us to determine its asymptoti onditions from the original onditions given above. These transformations
are non-singular for r > 0. As before, for r → 0,
NM (t, r) = −1
2
N1(t)Λ0R
−1
2 +O(r
2) , (113)
NR(t, r) = O(r4) , (114)
NQ(t, r) =
1
2
R−12 ln
(
R0
R∗
)
Q0Λ0N1(t)− 2piΦ˜0(t) +O(r2) , (115)
and for r →∞ we have
NM (t, r) = −N˜+(t) +O∞(r−2) , (116)
NR(t, r) = O∞(r−1) , (117)
NQ(t, r) = −2piΦ˜+(t) +O∞(r−1) . (118)
The onditions (113)-(118) show that the transformations in Eqs. (110)-(111) are satisfatory in the ase of r →∞,
but not for r → 0. This is due to fat that in order to x the Lagrange multipliers for r → ∞, as we are free to do,
we x N˜+(t), whih we already do when adding the surfae term
−
∫
dt N˜+M+ (119)
to the ation, in order to obtain the equations of motion in the bulk, without surfae terms. The same is true for Φ˜+.
However, at r = 0, we see that xing the multiplier NM to values independent of the anonial variables is not the
same as xing N1Λ
−1
0 to values independent of the anonial variables. The same is true of the xation of N
Q
with
respet to Φ˜0. We need to rewrite the multipliers N
M
and NQ for the asymptoti regime r → 0 without aeting
their behavior for r → ∞. In order to proeed we have to make one assumption, whih is that the expression given
in the asymptoti ondition of M(t, r), as r → 0, for the term of order zero, M0 ≡ l−2R20 − piQ20 ln
(
R0
R∗
)
, denes
R0 as a funtion of M0 and Q0, and R0 is the horizon radius funtion, R0 ≡ R
h
(M0, Q0). Also, we assume that
M0 > Mrit(Q0), where
M
rit
(Q0) =
piQ20
2
(
1− ln
(
piQ20
2
))
. (120)
With these assumptions, we are working in the domain of the lassial solutions. We an immediately obtain that the
variation of R0 is given in relation to the variations of M0 and Q0 as
δR0 =
(
2l−2R0 − piQ20R−10
)−1(
δM0 + 2piQ0 ln
(
R0
R∗
)
δQ0
)
, (121)
This expression will be used when we derive the equations of motion from the new ation. We now dene the new
multipliers N˜M and N˜Q as
N˜M = −NM
[
(1− g) + 2 g (2l−2R0 − piQ20R−10 )−1]−1 , (122)
N˜Q = N˜M2 g Q0 ln
(
R0
R∗
)(
2l−2R0 − piQ20R−10
)−1 −NQ , (123)
where g(r) = 1 + O(r2) for r → 0 and g(r) = O∞(r−5) for r → ∞. The new multipliers, funtions of the old
multipliers NM and NQ, have as their properties for r → 0
N˜M (t, r) = N˜M0 (t) +O(r
2) , (124)
N˜Q(t, r) = 2piΦ˜0(t) +O(r
2) , (125)
and as their properties for r →∞
N˜M (t, r) = N˜+(t) +O
∞(r−2) , (126)
N˜Q(t, r) = 2piΦ˜+(t) +O
∞(r−1) . (127)
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When the onstraints M ′ = 0 = Q′ hold, N˜M0 is given by
N˜M0 = N1Λ
−1
0 . (128)
With this new onstraint N˜M , xing N1Λ
−1
0 at r = 0 or xing N˜
M
0 is equivalent, there being no problems with N
R
,
whih is left as determined in Eq. (108). With respet to N˜Q the same happens, i. e., xing the zero order term of
the expansion of NQ for r→ 0 is the same as xing Φ˜0. At innity there were no initial problems with the denitions
of both N˜M and N˜Q.
The new ation is now written as the sum of SΣ, the bulk ation, and S∂Σ, the surfae ation,
S
[
M,R, Q, PM , P
R
, PQ; N˜
M , NR, N˜Q
]
=
∫
dt
∫ ∞
0
dr
(
PMM˙ + P
R
R˙+ PQQ˙
+N˜QQ′ −NRP
R
+ N˜M (1− g)M ′
+N˜M2 g
(
2l−2R0 − piQ20R−10
)−1(
M ′ −Q′Q0 ln
(
R0
R∗
))
+
∫
dt
{(
2R0N˜
M
0 − N˜+M+
)
+ 2pi
(
Φ˜0Q0 − Φ˜+Q+
)}
. (129)
The new equations of motion are now
M˙ = 0 , (130)
R˙ = NR , (131)
Q˙ = 0 , (132)
P˙M = (N
M )′ , (133)
P˙
R
= 0 , (134)
P˙Q = (N
Q)′ , (135)
M ′ = 0 , (136)
P
R
= 0 , (137)
Q′ = 0 . (138)
where we understood NM to be a funtion of the new onstraint, dened through Eq. (122) and NQ as the funtion
of the new onstraint dened through Eq. (123). The resulting boundary terms of the variation of this new ation,
Eq. (129), are, rst, terms proportional to δM , δR, and δQ on the initial and nal hypersurfaes, and, seond,∫
dt
(
2R0δN˜
M
0 −M+δN˜+
)
+ 2pi
(
Q0δΦ˜0 −Q+δΦ˜+
)
. (139)
To arrive at (139) we have used the expression in Eq. (121). The ation in Eq. (129) yields the equations of motion,
Eqs. (130)-(138), provided that we x the initial and nal values of the new anonial variables and that we also x
the values of N˜M0 and of N˜+, and of Φ˜0 and Φ˜+. Thanks to the redenition of the Lagrange multiplier, from N
M
to
N˜M , the xation of those quantities, N˜M0 and N˜+, has the same meaning it had before the anonial transformations
and the redenition of NM . The same happens with Φ˜0 and Φ˜+. This keeping of meaning is guaranteed through
the use of our gauge freedom to hoose the multipliers, and at the same time not xing the boundary variations
independently of the hoie of Lagrange multipliers, whih in turn allow us to have a well dened variational priniple
for the ation.
D. Hamiltonian redution
We now solve the onstraints in order to redue to the true dynamial degrees of freedom. The equations of motion
(130)-(138) allow us to write M and Q as independent funtions of spae, r,
M(t, r) = m(t) , (140)
Q(t, r) = q(t) . (141)
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The redued ation, with the onstraints taken into aount, is then
S
[
m,p
m
,q,p
q
; N˜M0 , N˜+, Φ˜0, Φ˜+
]
=
∫
dt p
m
m˙+ p
q
q˙− h , (142)
where
p
m
=
∫ ∞
0
dr PM , (143)
p
q
=
∫ ∞
0
dr PQ , (144)
and the redued Hamiltonian, h, is now written as
h(m, q; t) = −2R
h
N˜M0 + N˜+m+ 2piq
(
Φ˜+ − Φ˜0
)
, (145)
with R
h
being the horizon radius. We also have that m > M
rit
(q), aording to the assumptions made in the
previous subsetion. Thanks to the funtions N˜M0 (t), N˜+(t), Φ˜0(t), and Φ˜+(t) the Hamiltonian h is an expliitly time
dependent funtion. The variational priniple assoiated with the redued ation, Eq. (142), will x the values of
m and q on the initial and nal hypersurfaes, or in the spirit of the lassial analytial mehanis, the Hamiltonian
priniple xes the initial and nal values of the anonial oordinates. The equations of motion are
m˙ = 0 , (146)
q˙ = 0 , (147)
p˙
m
= 2N˜M0 (2l
−2R
h
− piQ20R−1
h
)−1 − N˜+ , (148)
p˙
q
= 2pi
{
2q ln
(
R
h
R∗
)
(2l−2R
h
− piQ20R−1
h
)−1N˜M0 + Φ˜0 − Φ˜+
}
. (149)
The equation of motion for m, Eq. (146), is understood as saying that m is, on a lassial solution, equal to the mass
parameter M of the solution, Eq. (24). The same goes for the funtion q, where Eq. (147) implies that q is equal
to the harge parameter Q on a lassial solution, Eq. (24). In order to interpret the other equation of motion, Eq.
(148), we have to reall that from Eq. (78) one has PM = −T ′, where T is the Killing time. This, together with the
denition of p
m
, given in Eq. (143), yields
p
m
= T0 − T+ , (150)
where T0 is the value of the Killing time at the left end of the hypersurfae of a ertain t, and T+ is the Killing time
at spatial innity, the right end of the same hypersurfae of t. As the hypersurfae evolves in the spaetime of the
blak hole solution, the right hand side of Eq. (147) is equal to T˙0 − T˙+. Finally, after the denition
p
q
= ξ0 − ξ+ , (151)
obtained from Eqs. (64), (80), and (144), Eq. (149) gives in the right hand side ξ˙0 − ξ˙+, whih is the diferene of the
time derivatives of the eletromagneti gauge ξ(t, r) at r = 0 and at innity.
E. Quantum theory and partition funtion
The next step is to quantize the redued Hamiltonian theory, by building the time evolution operator quantum
mehanially and then obtaining a partition funtion through the analyti ontinuation of the same operator [1℄-
[6℄. The variables m and q are regarded here as onguration variables. These variables satisfy the inequality
m > M
rit
(q). The wave funtions will be of the form ψ(m,q), with the inner produt given by
(ψ, χ) =
∫
A
µdmdq ψ¯χ , (152)
where A is the domain of integration dened by m > M
rit
(q) and µ(m,q) is a smooth and positive weight fator for
the integration measure. It is assumed that µ is a slow varying funtion, otherwise arbitrary. We are thus working in
the Hilbert spae dened as H := L2(A;µdmdq).
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The Hamiltonian operator, written as hˆ(t), ats through pointwise multipliation by the funtion h(m,q; t), whih
on a funtion of our working Hilbert spae reads
hˆ(t)ψ(m,q) = h(m,q; t)ψ(m,q) . (153)
This Hamiltonian operator is an unbounded essentially self-adjoint operator. The orresponding time evolution
operator in the same Hilbert spae, whih is unitary due to the fat that the Hamiltonian operator is self-adjoint, is
Kˆ(t2; t1) = exp
[
−i
∫ t2
t1
dt′ hˆ(t′)
]
. (154)
This operator ats also by pointwise multipliation in the Hilbert spae. We now dene
T :=
∫ t2
t1
dt N˜+(t) , (155)
Θ :=
∫ t2
t1
dt N˜M0 (t) , (156)
Ξ0 :=
∫ t2
t1
dt Φ˜0(t) , (157)
Ξ+ :=
∫ t2
t1
dt Φ˜+(t) . (158)
Using (145), (154)-(158) we write the funtion K, whih is in fat the ation of the operator in the Hilbert spae, as
K (m; T ,Θ,Ξ0,Ξ+) = exp
[−imT + 2 i R
h
Θ− 2pi iq(Ξ+ − Ξ0)
]
. (159)
This expression indiates that Kˆ(t2; t1) depends on t1 and t2 only through the funtions T , Θ, Ξ0, and Ξ+. Thus,
the operator orresponding to the funtion K an now be written as Kˆ(T ,Θ,Ξ0,Ξ+). The omposition law in time
Kˆ(t3; t2)Kˆ(t2; t1) = Kˆ(t3; t1) an be regarded as a sum of the parameters T , Θ, Ξ0, and Ξ+ inside the operator
Kˆ(T ,Θ,Ξ0,Ξ+). These parameters are evolutions parameters dened by the boundary onditions, i.e., T is the
Killing time elapsed at right spatial innity and Θ is the boost parameter elapsed at the bifuration irle; Ξ0 and
Ξ+ are line integrals along timelike urves of onstant r, and onstant angular variables, at r = 0 and at innity.
F. Thermodynamis
We an now build the partition funtion for this system. The path to follow is to ontinue the operator to imaginary
time and take the trae over a omplete orthogonal basis. Our lassial thermodynami situation onsists of a three-
dimensional spherially symmetri harged blak hole, asymptotially anti-de Sitter, in thermal equilibrium with a
bath of Hawking radiation. Ignoring bak reation from the radiation, the geometry is desribed by the solutions in
Eqs. (24)-(26). Thus, we onsider a thermodynami ensemble in whih the temperature, or more appropriately here,
the inverse temperature β, and the eletri potential φ¯ are xed. This haraterizes a grand anonial ensemble, and
the partition funtion Z(β, φ¯) arises naturally in suh an ensemble. To analytially ontinue the Lorentzian solution
we put T = −iβ, and Θ − 2pii, this latter hoie based on the regularity of the lassial Eulidean solution. We also
hoose Ξ0 = 0 and Ξ+ = iβφ¯.
We arrive then at the following expression for the partition funtion
Z(β, φ¯) = Tr
[
Kˆ(−iβ,−2pii, 0, iβφ¯)
]
. (160)
From Eq. (159) this is realized as
Z(β.φ¯) =
∫
A
µ dmdq exp
[−β(m− 2piqφ¯) + 4piR
h
] 〈m|m〉 . (161)
Sine 〈m|m〉 is equal to δ(0), one has to regularize Eq. (161). Following the proedure developed in the Louko-Whiting
approah [2℄, this means regularizing and normalizing the operator Kˆ beforehand. This leads to
Z
ren
(β, φ¯) = N
∫
A
µ dmdq exp
[−β(m− 2piqφ¯) + 4piR
h
]
, (162)
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where N is a normalization fator and A is the domain of integration. Provided the weight fator µ is slowly varying
ompared to the exponential in Eq. (162), and using the fat that the horizon radius R
h
is a funtion of m and q,
the integral in Eq. (162) is onvergent. Changing integration variables, from m to R
h
, keeping q, where
m = l−2R2
h
− piq2 ln
(
R
h
R∗
)
, (163)
the integral Eq. (162) beomes
Z
ren
(β, φ¯) = N
∫
A′
µ˜ dR
h
dq exp(−I∗) , (164)
where A′ is new the domain of integration after hanging variables, and the funtion I∗(R
h
), a kind of an eetive
ation (see [16℄), is written as
I∗(R
h
) := β
(
l−2R2
h
− piq2 ln
(
R
h
R∗
)
− 2piqφ¯
)
− 4piR
h
. (165)
The new domain of integration, A′, is dened by the inequalities 0 ≤ R
h
and q
2 ≤ 2R2
h
pi−1l−2. The new weight
fator µ˜ inludes the Jaobian of the transformation. Sine the weight fator µ˜ is slowly varying, we an estimate the
integral of Z
ren
(β, φ¯) by the saddle point approximation. For that we have to alulate the ritial points. Firstly
one nds the value of q for whih
∂I∗(R
h
,q)
∂q
= 0 . (166)
The value is
q
∗ = −φ¯
[
ln
(
R
h
R∗
)]−1
. (167)
Replaing this value in (165), we obtain
I∗(R
h
,q∗(R
h
)) = β
(
l−2R2
h
+ piφ¯2
[
ln
(
R
h
R∗
)]−1)
− 4piR
h
. (168)
Deriving expression (168) with respet to R
h
and making it zero, we obtain
∂I∗(R
h
)
∂R
h
= 2βl−2R
h
− βφ¯2
[
ln
(
R
h
R∗
)]−2
R−1
h
− 4pi = 0 , (169)
whih implies
2βl−2R2
h
− βφ¯2
[
ln
(
R
h
R∗
)]−2
− 4piR
h
= 0 . (170)
The solutions R∗
h
to the equation (170) gives us the pair (R∗
h
,q∗) of ritial points, with q∗ given in Eq. (167), where
R
h
= R∗
h
. Of these, the lassial solution omes from the one ritial pair that is also the global minimum of the
eetive ation I∗, denoted by (R+
h
,q+), depending on the interval of values to whih φ¯ belongs. The renormalized
partition funtion is then
Z
ren
(β, φ¯) = P exp
[
−β
(
l−2(R+
h
)2 − pi(q+)2 ln
(
R+
h
R∗
)
− 2pi q+φ¯
)
+ 4piR+
h
]
, (171)
where P is a slowly varying prefator and (R+
h
,q+) is the global minimum of the eetive ation (165). In the domain
of integration the dominating ontribution omes from the viinity of R
h
= R+
h
. We now write the logarithm of Z
ren
as
ln(Z
ren
) = lnP− β
(
l−2(R+
h
)2 − pi(q+)2 ln
(
R+
h
R∗
)
− 2pi q+φ¯
)
+ 4piR+
h
. (172)
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By ignoring the prefator's logarithm, whih loser to R+
h
is less relevant, we are able to determine the value of m
at the ritial point, where we nd that it orresponds to the value of the mass of the lassial solutions of the blak
holes (see Eq. (24)). Thus, when the ritial point dominates the partition funtion, we have that the mean energy
〈E〉 is given by
〈E〉 = − ∂
∂β
lnZ
ren
≈ 2λ2(R+
h
)2 − pi(q+)2 ln
(
R+
h
R∗
)
=m+ , (173)
where m
+
is obtained from Eq. (163) evaluated at R+
h
. The thermal expetation value of the harge is
〈Q〉 = β−1 ∂
∂φ¯
lnZ
ren
≈ 2pi q+ . (174)
The temperature of the blak hole, T ≡ β−1, is
T =
1
4pi
(
4λ2(R+
h
)− pi(q+)2(R+
h
)−1
)
, (175)
where q
+
is the funtion in (167) evaluated at R+
h
. If the maximum value of the harge q
+
is hosen, i.e., q
2 =
2R2
h
pi−1l−2, whih is the value of the harge of the extreme solution of the blak hole, and is replaed into (175), then
the temperature is null, as expeted from an extreme solution. It an be shown that ∂m+/∂β < 0, whih through the
onstant φ¯ heat apaity Cφ¯ = −β2(∂ 〈E〉 /∂β) tells us that the system is thermodynamially stable. The entropy is
given by
S =
(
1− β ∂
∂β
)
(lnZ
ren
) ≈ 4piR+
h
. (176)
This is the entropy of the harged BTZ blak hole [20, 23℄ (see also [28℄). This entropy inludes the extreme solution,
as the spei value of the harge is irrelevant for the determination of the entropy, provided we are in the domain of
validity of the approximation and q
2 ≤ 2R2
h
pi−1l−2.
IV. HAMILTONIAN THERMODYNAMICS OF THE GENERAL RELATIVISTIC CYLINDRICAL
DIMENSIONALLY REDUCED CHARGED BLACK HOLE (ω = 0)
A. The metri, the salar φ, and the vetor potential one-form
For ω = 0, the orresponding three-dimensional harged Brans-Dike theory is obtained from the ylindrial di-
mensionally redued blak hole of four-dimensional general relativity, with a Maxwell term [21, 22, 25℄. Then general
metri in Eq. (2), the φ eld in Eq. (6), and the vetor potential one-form (8) redue to the following
ds2 = −
[
(aR)2 − M
2(aR)
+
Q2
16(aR)2
]
dT 2 +
dR2
(aR)2 − M2(aR) + Q
2
16(aR)2
+R2 dϕ2 , (177)
e−2φ = aR , (178)
A = α−1
Q
R
dT , (179)
with M = 2b, a =
√
2
3 |λ| = l−1, and α = 4a, where the l is the AdS length. The Shwarzshild oordinates are
again {T,R, ϕ}. Unlike the harged BTZ solution, this solution (177)-(179) has a metri funtion whose mass term
depends on R. This behavior is similar to the Reissner-Nördstrom blak hole metri funtion [21℄. In Fig. 2 we show
the Carter-Penrose diagram of the blak hole solution for ω = 0, where again R
h
is the horizon radius, given by the
larger positive real root of
(aR
h
)4 − 1
2
M(aR
h
) +
(
Q
4
)2
= 0 , (180)
R = 0 is the radius of the timelike urvature singularity, and R =∞ is the spatial innity.
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FIG. 2: The Carter-Penrose diagram for the harged ω = 0 ase, where R
h
is the outer horizon radius, Ri is the inner horizon
radius, and the double line is the timelike singularity.
B. Canonial formalism
The ation with ω = 0 beomes, following Eqs. (21)-(23), and exluding surfae terms,
S[Λ, R, Γ, Λ˙, R˙, Γ˙; N, N r, Φ] =
∫
dt
∫ ∞
0
dr α
{
λ2ΛNR2 −N−1RR˙Λ˙− 1
2
N−1ΛR˙2 +N−1RR˙(ΛN r)′
+N−1N rRR′Λ˙− N−1N rΛRR′(N r)′ −N−1(N r)2RR′Λ′ +N−1N rΛR˙R′
−1
2
N−1(N r)2Λ(R′)2 − (Λ−1)′RR′N − 1
2
Λ−1(R′)2N − Λ−1RR′′N
+
1
2
αN−1Λ−1R2
(
Γ˙− Φ′
)2}
, (181)
where ˙ means derivative with respet to time t and ′ is the derivative with respet to r, and where all the expliit
funtional dependenes are omitted. Depending on the situation we use four dierent letters ontaining the same
information but with slightly dierent numerial values. Thus, a, λ, l and α are related by a2 = 23λ
2 = l−2, and
α = 4a, where l is the AdS length. From this ation one determines the anonial momenta, onjugate to Λ, R, and
Γ respetively
PΛ = −αN−1R
{
R˙− R′N r
}
, (182)
PR = −αN−1
{
R[Λ˙− (ΛN r)′] + Λ[R˙−N rR′]
}
, (183)
PΓ = αN
−1Λ−1R2
(
Γ˙− Φ′
)
. (184)
By performing a Legendre transformation, we obtain
H = N
{
−α−1R−1PΛPR + 1
2
α−1ΛR−2(P 2Λ + P
2
Γ) + αΛ
−1RR′′ − αΛ−2RR′Λ′ + 1
2
Λ−1(R′)2 − λ2ΛR2
}
+N r {PRR′ − P ′ΛΛ− P ′ΓΓ}+ Φ˜ {−P ′Γ} ≡ NH +N rHr + Φ˜G , (185)
with the new Lagrange multiplier being Φ˜ := Φ−N rΓ. The ation in Hamiltonian form is then
S[Λ, R, Γ, PΛ, PR, PΓ; N, N
r, Φ˜] =
∫
dt
∫ ∞
0
dr
{
PΛΛ˙ + PRR˙+ PΓΓ˙−NH −N rHr − Φ˜G
}
. (186)
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The equations of motion are
Λ˙ = −Nα−1R−1PR +Nα−1ΛR−2PΛ +N rΛ , (187)
R˙ = −Nα−1PΛR−1 +N rR′ , (188)
Γ˙ = α−1NΛR−2PΓ + (N rΓ)′Φ˜′ , (189)
P˙R = −Nα−1PΛPRR−2 +Nα−1Λ(P 2Λ + P 2Γ)R−3 −
(
(Nα)′Λ−1R
)′ − (Nα)(Λ−1R′)′
+2Nαλ2ΛR+ (N rPR)
′ , (190)
P˙Λ = −1
2
Nα−1R−2(P 2Λ + P
2
Γ)− (Nα)′RR′Λ−2 −
1
2
Nα(R′)2Λ−2 +Nαλ2R2 +N rP ′Λ , (191)
P˙Γ = N
rP ′Γ . (192)
In order to have a well dened variational priniple, we need to eliminate the surfae terms of the original bulk ation,
whih render the original ation itself ill dened for a orret determination of the equations of motion through
variational methods. Through the hoie of added surfae terms one an ahieve this elimination. The ation (186)
has the following extra surfae terms, after variation
Surfae terms =
{
α
(−NΛ−1RδR′ +N ′Λ−1RδR−N rPRδR+N rΛδPΛ +NRR′Λ−2δΛ)
+N rΓδPΓ + Φ˜δPΓ
}∣∣∣∞
0
. (193)
In order to evaluate this expression, we need to know the asymptoti onditions of eah of the funtions of (t, r).
Starting with the limit r → 0 we assume
Λ(t, r) = Λ0(t) +O(r
2) , (194)
R(t, r) = R0(t) +R2(t)r
2 +O(r4) , (195)
Γ(t, r) = O(r) , (196)
PΛ(t, r) = O(r
3) , (197)
PR(t, r) = O(r) , (198)
PΓ(t, r) = Q0(t) +Q2(t)r
2 +O(r4) , (199)
N(t, r) = N1(t)r +O(r
3) , (200)
N r(t, r) = N r1 (t)r +O(r
3) , (201)
Φ˜(t, r) = Φ˜0(t) +O(r
2) . (202)
With these onditions, we have for the surfae terms at r = 0,
Surfae terms|r=0 = −αN1R0Λ−10 δR0 − Φ˜0δQ0 . (203)
In the same way, for r →∞,
Λ(t, r) = lr−1 + l3η(t)r−4 +O∞(r−5) , (204)
R(t, r) = r + l2ρ(t)r−2 +O∞(r−3) , (205)
Γ(t, r) = O∞(r−2) , (206)
PΛ(t, r) = O
∞(r−2) , (207)
PR(t, r) = O
∞(r−4) , (208)
PΓ(t, r) = Q+(t) +O
∞(r−1) , (209)
N(t, r) = R(t, r)′Λ(t, r)−1(N˜+(t) +O∞(r−5)) , (210)
N r(t, r) = O∞(r−2) , (211)
Φ˜(t, r) = Φ˜+(t) +O
∞(r−1) . (212)
These onditions imply for the surfae terms in the limit r →∞,
Surfae terms|r→∞ = αδ(M+)N˜+ + Φ˜+δQ+ , (213)
where M+(t) = α(η(t) + 3ρ(t)). So, the surfae term to be added to (186) is
S∂Σ
[
Λ, R,Q0, Q+;N, Φ˜0, Φ˜+
]
=
∫
dt
(
1
2
αR20N1Λ
−1
0 − N˜+M+ + Φ˜0Q0 − Φ˜+Q+
)
. (214)
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What is left after varying this last surfae term and adding it to the varied initial ation (see Eq. (186)) is∫
dt
(
1
2
αR20δ(N1Λ
−1
0 )−M+δN˜+ +Q0δΦ˜0 −Q+δΦ˜+
)
. (215)
We hoose to x N1Λ
−1
0 and Φ˜0 on the horizon, and N˜+ and Φ˜+ at innity, whih makes the surfae variation (215)
disappear.
C. Reonstrution, anonial transformation, and ation
In order to reonstrut the mass and the time from the anonial data, whih amounts to making a anonial
transformation, we have to rewrite the general form of the solutions in Eqs. (177)-(179). However, in addition to
reonstruting the mass as done in [1℄, we have to onsider how to reonstrut the harge from the anonial data. We
follow Kuha° [10℄ for this reonstrution. We onentrate our analysis on the right stati region of the Carter-Penrose
diagram.
Developing the Killing time T as funtion of (t, r) in the expression for the vetor potential (179), and making use
of the gauge freedom that allows us to write
A = α−1
Q
R
dT + dξ , (216)
where ξ(t, r) is an arbitrary ontinuous funtion of t and r, we an write the one-form potential as
A =
(
α−1
Q
R
T ′ + ξ′
)
dr +
(
α−1
Q
R
T˙ + ξ˙
)
dt . (217)
Equating the expression (217) with Eq. (23), and making use of the denition of PΓ in Eq. (184), we arrive at
PΓ = Q . (218)
In the right stati region we dene F as
F (R(t, r)) = (aR(t, r))2 − M
2aR(t, r)
+
P 2Γ
16(aR(t, r))2
. (219)
Note that here, R∗, the large radius of a nite frontier, whih an be used to renormalize the asymptoti properties of
the future anonial oordinate M(t, r) (see subsetions IIA and III C), is not needed; in fat bringing to the ω = 0
solution introdues ompliations at the r = 0 frontier. Thus, in this setion we do not mention R∗. Then, making
the following substitutions
T = T (t, r) , R = R(t, r) , (220)
in the solutions above, Eqs. (177)-(178), one has
ds2 = −(FT˙ 2 − F−1R˙2) dt2 + 2(−FT ′T˙ + F−1R′R˙) dtdr + (−F (T ′)2 + F−1R˙2) dr2 + R2dϕ2 . (221)
This introdues the ADM foliation diretly into the solutions. Comparing it with the ADM metri (21), written in
another form as
ds2 = −(N2 − Λ2(N r)2) dt2 + 2Λ2N r dtdr + Λ2dr2 + R2 dϕ2 , (222)
we an write a set of three equations
Λ2 = −F (T ′)2 + F−1(R′)2 , (223)
Λ2N r = −FT ′T˙ + F−1R′R˙ , (224)
N2 − Λ2(N r)2 = FT˙ 2 − F−1R˙2 . (225)
The rst two equations, Eq. (223) and Eq. (224), give
N r =
−FT ′T˙ + F−1R′R˙
−F (T ′)2 + F−1(R′)2 . (226)
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This one solution, together with Eq. (223), give
N =
R′T˙ − T ′R˙√−F (T ′)2 + F−1(R′)2 . (227)
One an show that N(t, r) is positive. Next, putting Eq. (226) and Eq. (227) into the denition of the onjugate
momentum of the anonial oordinate Λ, given in Eq. (182), one nds the spatial derivative of T (t, r) as a funtion
of the anonial oordinates, i.e.,
− T ′ = α−1R−1F−1ΛPΛ . (228)
Later we will see that −T ′ = PM , as it will be onjugate to a new anonial oordinate M . Following this proedure
to the end, we may then nd the form of the new oordinate M(t, r), also as a funtion of t and r. First, we need to
know the form of F as a funtion of the anonial pair Λ , R. For that, we replae bak into Eq. (223) the denition
of T ′, giving
F =
(
R′
Λ
)2
−
(
PΛ
αR
)2
. (229)
Equating this form of F with Eq. (219), we obtain
M =
1
2
αR
(
α2
16
R2 +
α2R2
16
− F
)
, (230)
where F is given in Eq. (229). We thus have found the form of the new anonial oordinate, M . It is now a
straightforward alulation to determine the Poisson braket of this variable with PM = −T ′ and see that they are
onjugate, thus making Eq. (228) the onjugate momentum of M , i.e.,
PM = α
−1R−1F−1ΛPΛ . (231)
The other natural transformation has been given, namely the one that relates PΓ with Q through PΓ = Q. As
M , Q is also a natural hoie for anonial oordinate, being another physial parameter of the solution (24). The
one oordinate whih remains to be found is PQ, the onjugate momentum to the harge. It is also neessary to nd
out the other new anonial variable whih ommutes with M , PM , and Q, and whih guarantees, with its onjugate
momentum, that the transformation from Λ, R, Γ, to M , Q, and the new variable is anonial. Immediately is
it seen that R ommutes with M , PM , and Q. It is then a andidate. It remains to be seen whether PR also
ommutes with M , PM , and Q. As with R, it is straightforward to see that PR does not ommute with M and
PM , as these ontain powers of R in their denitions, and {R(t, r), PR(t, r∗)} = δ(r − r∗). So rename the anonial
variable R as R = R. We have then to nd a new onjugate momentum to R whih also ommutes with M , PM ,
and Q, making the transformation from {Λ, R, Γ; PΛ, PR, PΓ } →
{
M, R, Q; PM , P
R
, PQ
}
a anonial one. The
way to proeed is to look at the onstraint Hr, whih is alled in this formalism the super-momentum. This is the
onstraint whih generates spatial dieomorphisms in all variables. Its form, in the initial anonial oordinates, is
Hr = −ΛP ′Λ + PRR′ − ΓP ′Γ. In this formulation, Λ is a spatial density, R is a spatial salar, and Γ is also a spatial
density. As the new variables, M , R, and Q, are spatial salars, the generator of spatial dieomorphisms is written
as Hr = PMM
′ + P
R
R
′ + PQQ′, regardless of the partiular form of the anonial oordinate transformation. It is
thus equating these two expressions of the super-momentum Hr, with M , PM , and Q written as funtions of Λ, R, Γ
and their respetive momenta, that gives us one equation for the new P
R
and PQ. This means that we have two
unknowns, s. P
R
and PQ, for one equation only. This sugests that we should make the oeients of R
′
and P ′Γ
equal to zero independently. This results in
P
R
= PR − 3α
2
32
F−1ΛPΛR− 1
2
R−1ΛPΛ + F−1PΛR′′Λ−1 − F−1Λ−2PΛΛ′R′ + (R′)2F−1Λ−1PΛR−1
−F−1Λ−1P ′ΛR′ +
1
2
α−2R−3P 2ΓF
−1ΛPΛ , (232)
PQ = −Γ− α−2R−2F−1ΛPΛPΓ . (233)
We have now all the anonial variables of the new set determined. For ompleteness and future use, we write the
inverse transformation for Λ and PΛ,
Λ =
(
(R′)2F−1 − P 2MF
) 1
2 , (234)
PΛ = αRFPM
(
(R′)2F−1 − P 2MF
)− 1
2 . (235)
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In summary, the anonial transformations are
R = R ,
M =
1
2
αR
(
α2
16
R2 − F
)
,
Q = PΓ ,
P
R
= PR − 3α
2
32
F−1ΛPΛR− 1
2
R−1ΛPΛ + F−1PΛR′′Λ−1 − F−1Λ−2PΛΛ′R′ + (R′)2F−1Λ−1PΛR−1
−F−1Λ−1P ′ΛR′ +
1
2
α−2R−3P 2ΓF
−1ΛPΛ ,
PM = α
−1R−1F−1ΛPΛ ,
PQ = −Γ− α−2R−2F−1ΛPΛPΓ . (236)
In order to prove that the set of equalities in expression (236) is anonial we start with the equality
PΛδΛ + PRδR+ PΓδΓ− PMδM − P
R
δR− PQδQ =
(
1
2
αRδR ln
∣∣∣∣αRR′ + ΛPΛαRR′ − ΛPΛ
∣∣∣∣)′ +
+ δ
(
ΓPΓ + ΛPΛ +
1
2
αRR′ ln
∣∣∣∣αRR′ − ΛPΛαRR′ + ΛPΛ
∣∣∣∣) . (237)
We now integrate expression (237) in r, in the interval from r = 0 to r = ∞. The rst term on the right hand side
of Eq. (237) vanishes due to the fallo onditions (see Eqs. (194)-(202) and Eqs. (204)-(212)). We then obtain the
following expression∫ ∞
0
dr (PΛδΛ + PRδR + PΓδΓ)−
∫ ∞
0
dr
(
PMδM + P
R
δR+ PQδQ
)
= δω [Λ, R, Γ, PΛ, PΓ] , (238)
where δω [Λ, R, Γ, PΛ, PΓ] is a well dened funtional, whih is also an exat form. This equality shows that the
dierene between the Liouville form of {R, Λ, Γ; PR, PΛ, PΓ} and the Liouville form of
{
R, M, Q; P
R
, PM , PQ
}
is
an exat form, whih implies that the transformation of variables given by the set of equations (236) is anonial.
Armed with the ertainty of the anoniity of the new variables, we an write the asymptoti form of the anonial
variables and of the metri funtion F (t, r). These are, for r→ 0
F (t, r) = 4R2(t)Λ0(t)
−2r2 +O(r4) , (239)
R(t, r) = R0(t) +R2(t) r
2 + O(r4) , (240)
M(t, r) = M0(t) +M2(t) r
2 +O(r4) , (241)
Q(t, r) = Q0(t) +Q2(t) r
2 +O(r4) , (242)
P
R
(t, r) = O(r) , (243)
PM (t, r) = O(r) , (244)
PQ(t, r) = O(r) , (245)
with
M0(t) =
1
2
α−1R−10 (t)Q
2
0(t) +
1
32
α3R30(t) , (246)
M2(t) =
1
32
αR0(t)R2(t)
(
3α2R0(t)− 64R2(t)Λ0(t)−2
)
+ α−1Q0(t)R−10 (t)
(
Q2(t)− 1
2
Q0(t)R
−1
0 (t)R2(t)
)
.(247)
For r →∞, we have
F (t, r) =
α2
16
r2 − 2(η(t) + 2ρ(t)) r−1 +O∞(r−2) , (248)
R(t, r) = r + 16ρ(t)α−2r−2 +O∞(r−3) , (249)
M(t, r) = M+(t) +O
∞(r−1) , (250)
Q(t, r) = Q+(t) +O
∞(r−1) , (251)
P
R
(t, r) = O∞(r−4) , (252)
PM (t, r) = O
∞(r−6) , (253)
PQ(t, r) = O
∞(r−2) , (254)
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where M+(t) = α(η(t) + 3ρ(t)), as seen before in the surfae terms (see Eq. (214)).
We are now almost ready to write the ation with the new anonial variables. It is now neessary to determine
the new Lagrange multipliers. In order to write the new onstraints with the new Lagrange multipliers, we an use
the identity given by the spae derivative of M ,
M ′ = −Λ−1 (R′H + α−1R−1PΛ (Hr − ΓG) + α−1ΛR−1PΓG) . (255)
Solving for H and making use of the inverse transformations of Λ and PΛ, in Eqs. (234) and (235), we get
H = −M
′F−1R′ + FPMP
R
+ α−1R−1F−1R′QG(
F−1(R′)2 − FP 2M
) 1
2
, (256)
Hr = PMM
′ + P
R
R
′ + PQQ′ , (257)
G = −Q′ . (258)
Following Kuha° [10℄, the new set of onstraints, totally equivalent to the old set H(t, r) = 0, Hr(t, r) = 0, and
G(t, r) = 0 outside the horizon, is M ′(t, r) = 0, P
R
(t, r) = 0, and Q′(t, r) = 0. By ontinuity, this also applies on the
horizon, where F (t, r) = 0. So we an say that the equivalene is valid everywhere. So, the new Hamiltonian, the
total sum of the onstraints, an now be written as
NH +N rHr + Φ˜G = N
MM ′ +NRP
R
+NQQ′ . (259)
In order to determine the new Lagrange multipliers, one has to write the left hand side of the previous equation, Eq.
(259), and replae the onstraints on that side by their expressions as funtions of the new anonial oordinates,
spelt out in Eqs. (256) -(258). After manipulation, one gets
NM = − NF
−1R′(
F−1(R′)2 − FP 2M
) 1
2
+N rPM , (260)
NR = − NFPM(
F−1(R′)2 − FP 2M
) 1
2
+N rR′ , (261)
NQ =
α−1NR−1F−1R′Q(
F−1(R′)2 − FP 2M
) 1
2
+N rPQ − Φ˜ . (262)
Using the inverse transformations Eqs. (234)-(235), and the identity R = R, we an write the new multipliers as
funtions of the old variables
NM = −NF−1R′Λ−1 + α−1N rF−1R−1ΛPΛ , (263)
NR = −α−1NR−1PΛ +N rR′ , (264)
NQ = α−1NΛ−1R−1F−1R′Q−N rΓ− α−2N rR−2F−1ΛPΛPΓ − Φ˜ , (265)
allowing us to determine its asymptoti onditions from the original onditions given above. These transformations
are non-singular for r > 0. As before, for r → 0,
NM (t, r) = −1
2
N1(t)Λ0(t)R2(t)
−1 +O(r2) , (266)
NR(t, r) = O(r2) , (267)
NQ(t, r) =
1
2
α−1N1(t)Q0(t)Λ0(t)R−10 (t)R
−1
2 (t)− Φ˜0 +O(r2) , (268)
and for r →∞ we have
NM (t, r) = −N˜+(t) +O∞(r−4) , (269)
NR(t, r) = O∞(r−2) , (270)
NQ(t, r) = −Φ˜+(t) +O∞(r−1) . (271)
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These onditions (266)-(271) show that the transformations in Eqs. (263)-(264) are satisfatory in the ase of r →∞,
but not for r → 0. This is due to fat that in order to x the Lagrange multipliers for r → ∞, as we are free to do,
we x N˜+(t), whih we already do when adding the surfae term
−
∫
dt N˜+M+ (272)
to the ation, in order to obtain the equations of motion in the bulk, without surfae terms. The same is true for Φ˜+.
However, at r = 0, we see that xing the multiplier NM to values independent of the anonial variables is not the
same as xing N1Λ
−1
0 to values independent of the anonial variables. The same is true of the xation of N
Q
with
respet to Φ˜0. We need to rewrite the multipliers N
M
and NQ for the asymptoti regime r → 0 without aeting
their behavior for r →∞. In order to proeed we have to make one assumption, whih is that the expression given in
asymptoti ondition of M(t, r), as r → 0, for the term of order zero, M0 ≡ 12α−1Q0(t)2R−10 (t) + 132α3R0(t)3, denes
R0 as a funtion of M0 and Q0, where R0 is the horizon radius funtion, R0 ≡ R
h
(M0, Q0). Also, we assume that
M0 > Mrit(Q0) =
Q
3
2
3
3
4
. With these assumptions, we are working in the domain of the lassial solutions. We an
immediately obtain that the variation of R0 is given in relation to the variations of M0 and of Q0 as
δR0 =
(
32
3
α3R20 −
Q20
2αR20
)−1(
δM0 − Q0δQ0
αR0
)
. (273)
This expression will be used when we derive the equations of motion from the new ation. We now dene the new
multipliers N˜M and N˜Q as
N˜M = −NM
[
(1− g) + g(αR0)
(
3α3
32
R20 −
Q20
2αR20
)−1]−1
, (274)
N˜Q = N˜M g Q0
(
3α3
32
R20 −
Q20
2αR20
)−1
−NQ , (275)
where g(r) = 1 + O(r2) for r → 0 and g(r) = O∞(r−5) for r → ∞. These new multipliers, funtions of the old
multipliers NM and NQ, have as their properties for r →∞
N˜M (t, r) = N˜+(t) +O
∞(r−5) , (276)
N˜Q(t, r) = Φ˜+(t) +O
∞(r−1) , (277)
and for r → 0
N˜M (t, r) = N˜M0 (t) +O(r
2) , (278)
N˜M (t, r) = Φ˜0(t) +O(r
2) , (279)
where N˜M0 is given by
N˜M0 =
1
2
α−1N1R−10 R
−1
2 Λ0
(
−1
2
Q20α
−1R−20 +
3
32
α3R20
)
. (280)
When the onstraints M ′ = 0 = Q′ hold, the last expression is
N˜M0 = N1Λ
−1
0 . (281)
With this new onstraint N˜M , xing N1Λ
−1
0 at r = 0 or xing N˜
M
0 is equivalent. The same happens with xing Φ˜0
or N˜Q at r → 0. There are no problems with NR, whih is left as determined in Eq. (261). The new ation is now
written as the sum of SΣ, the bulk ation, and S∂Σ, the surfae ation,
S
[
M,R,Γ, PM , P
R
, PΓ; N˜
M , NR, N˜Q
]
=
∫
dt
∫ ∞
0
dr
{
PMM˙ + P
R
R˙+ PQQ˙+ N˜
QQ′ −NRP
R
+ N˜M
[
(1− g)M ′ + g
(
3α2
16
R20 −
Q20
2αR20
)−1
(αR0M
′ −Q0Q′)
]}
+
∫
dt
(
1
2
αR20N˜
M
0 − N˜+M+ + Φ˜0Q0 − Φ˜+Q+
)
. (282)
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The new equations of motion are now
M˙ = 0 , (283)
R˙ = NR , (284)
Q˙ = 0 , (285)
P˙M = (N
M )′ , (286)
P˙
R
= 0 , (287)
P˙Q = (N
Q)′ , (288)
M ′ = 0 , (289)
P
R
= 0 , (290)
Q′ = 0 . (291)
Here we understood NM to be a funtion of the new onstraint N˜M , dened through Eq. (274), and NQ to be a
funtion of the new onstraint N˜Q, dened through Eq. (275). The resulting boundary terms of the variation of this
new ation, Eq. (282), are, rst, terms proportional to δM , δR, and δQ on the initial and nal hypersurfaes, and,
seond, the term ∫
dt
(
1
2
αR20δN˜
M
0 −M+δN˜+ +Q0δΦ˜0 −Q+δΦ˜+
)
(292)
Here we have used the expression in Eq. (273). The ation in Eq. (282) yields the equations of motion, Eqs. (283)-
(291), provided that we x the initial and nal values of the new anonial variables and that we also x the values
of N˜M0 , N˜+, Φ˜0, and Φ˜+. Thanks to the redenition of both the Lagrange multipliers, from N
M
to N˜M and from
NQ to N˜Q, the xation of those quantities, N˜M0 , N˜+, Φ˜0, and Φ˜+ has the same meaning it had before the anonial
transformations and the redenition of NM and NQ. This same meaning is guaranteed through the use of our gauge
freedom to hoose the multipliers, and at the same time not xing the boundary variations independently of the hoie
of Lagrange multipliers, whih in turn allow us to have a well dened variational priniple for the ation.
D. Hamiltonian redution
We now solve the onstraints in order to redue to the true dynamial degrees of freedom. The equations of motion
(283)-(291) allow us to write M and Q as independent funtions of the radial oordinate r,
M(t, r) = m(t) , (293)
Q(t, r) = q(t) . (294)
The redued ation, with the onstraints and Eqs. (293)-(294) taken into aount, is
S
[
m,p
m
,q,p
q
; N˜M0 , N˜+, Φ˜0, Φ˜+
]
=
∫
dt p
m
m˙+ p
q
q˙− h , (295)
where
p
m
=
∫ ∞
0
dr PM , (296)
p
q
=
∫ ∞
0
dr PQ , (297)
and the redued Hamiltonian, h, is now written as
h(m, q; t) = −1
2
αR2
h
N˜M0 + N˜+m+
(
Φ˜+ − Φ˜0
)
q , (298)
with R
h
being the horizon radius. We also have that m > M
rit
(q) =
q
3
2
3
3
4
, aording to the assumptions made in
the previous subsetion. Thanks to the funtions N˜M0 (t), N˜+(t), Φ˜0(t), and Φ˜+(t) the Hamiltonian h is an expliitly
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time dependent funtion. The variational priniple assoiated with the redued ation, Eq. (295), will x the value of
m and q on the initial and nal hypersurfaes, or in the spirit of the lassial analytial mehanis, the Hamiltonian
priniple xes the initial and nal values of the anonial oordinate. The equations of motion are
m˙ = 0 , (299)
q˙ = 0 , (300)
p˙
m
= αR
h
(
3
32
α3R2
h
− q
2
2αR2
h
)−1
N˜M0 − N˜+ , (301)
p˙
q
= −q
(
3
32
α3R2
h
− q
2
2αR2
h
)−1
N˜M0 + Φ˜0 − Φ˜+ . (302)
The equation of motion for m, Eq. (299), is understood as saying that m is, on a lassial solution, equal to the mass
parameterM of the solutions in Eq. (177). The same holds for q in Eq. (300), i.e., q is the harge parameter in Eqs.
(177)-(179). In order to interpret equation of motion for p
m
, Eq. (301), we have to reall that from Eq. (231) one
has PM = −T ′, where T is the Killing time. This, together with the denition of p
m
, given in Eq. (296), yields
p
m
= T0 − T+ , (303)
where T0 is the value of the Killing time at the left end of the hypersurfae of a ertain t, and T+ is the Killing time
at spatial innity, the right end of the same hypersurfae of t. As the hypersurfae evolves in the spaetime of the
blak hole solutions, the right hand side of Eq. (300) is equal to T˙0 − T˙+. Finally, after the denition
p
q
= ξ0 − ξ+ , (304)
obtained from to Eqs. (217), (233), and (297), Eq. (302) gives in the right hand side ξ˙0 − ξ˙+, whih is the diferene
of the time derivatives of the eletromagneti gauge ξ(t, r) at r = 0 and at innity.
E. Quantum theory and partition funtion
Following Se. III we need not repeat here the steps taken there in order to build the time evolution operator.
Thus the operator K an now be written as
K (m,q; T ,Θ,Ξ0,Ξ+) = exp
[
−imT + i
2
αR2
h
Θ− iq (Ξ+ − Ξ0)
]
. (305)
The same omposition law as in Se. III holds here as well. Here again T is the Killing time elapsed at right spatial
innity and Θ is the boost parameter elapsed at the bifuration irle; Ξ0 and Ξ+ are line integrals along timelike
urves of onstant r and onstant angular variables, at r = 0 and at innity.
F. Thermodynamis
We an now build the partition funtion for this system. The path to follow is to ontinue the operator to imaginary
time and take the trae over a omplete orthogonal basis. Our lassial thermodynami situation onsists of a three-
dimensional spherially symmetri harged blak hole, asymptotially anti-de Sitter, in thermal equilibrium with a
bath of Hawking radiation. Ignoring bak reation from the radiation, the geometry is desribed by the solutions in
Eq. (177) and (179). Thus, we onsider a thermodynami ensemble in whih the temperature, or more appropriately
here, the inverse temperature β is xed. This haraterizes a grand anonial ensemble, and the partition funtion
Z(β, φ¯) arises naturally in suh an ensemble. To analytially ontinue the Lorentzian solution we put T = −iβ, and
Θ − 2pii, this latter hoie based on the regularity of the lassial Eulidean solution. We also hoose Ξ0 = 0 and
Ξ+ = iβφ¯.
We arrive then at the following expression for the partition funtion
Z(β, φ¯) = Tr
[
Kˆ(−iβ,−2pii, 0, iβφ¯)
]
. (306)
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From Eq. (305) this is realized as
Z(β, φ¯) =
∫
A
µ dmdq exp
[
−β(m− qφ¯) + piαR2
h
]
〈m|m〉 . (307)
Sine 〈m|m〉 is equal to δ(0), one has to regularize (307). Again, following the Louko-Whiting proedure [2℄-[6℄, we
have to regularize and normalize the operator Kˆ beforehand. This leads to
Z
ren
(β, φ¯) = N
∫
A
µ dmdq exp
[
−β(m− qφ¯) + piαR2
h
]
, (308)
where N is a normalization fator and A is the domain of integration. Provided the weight fator µ is slowly varying
ompared to the exponential in Eq. (308), and using the fat that the horizon radius R
h
is funtion of m and q, the
integral in Eq. (308) is onvergent. Changing integration variables, from m to R
h
, where
m =
1
32
α3R3
h
+
q
2
2αR
h
, (309)
the integral Eq. (308) beomes
Z
ren
(β, φ¯) = N
∫
A′
µ˜ dR
h
dq exp(−I∗) , (310)
where A′ is the new domain of integration after hanging variables, and the funtion I∗(R
h
,q), a kind of an eetive
ation (see [16℄), is written as
I∗(R
h
,q) :=
1
32
β α3R3
h
+
β
2α
q
2
R
h
− βφ¯q− piαR2
h
. (311)
The domain of integration, A′, is dened by the inequalities 0 ≤ R
h
and q
2 ≤ 3α4R4
h
/16. The new weight fator
µ˜ inludes the Jaobian of the hange of variables. Sine the weight fator is slowly varying, we an estimate the
integral of Z
ren
(β, φ¯) by the saddle point approximation. The ritial points are given as a pair of values (R
h
,q)
R±
h
=
32pi
3βα2
(
1±
√
1 +
3
64
β2α2φ¯2pi−2
)
, (312)
q
± = αR±
h
φ¯ . (313)
The ritial points belong to the domain of the eetive ation (311), and so the eetive ation has a null derivative at
these points in Eqs. (312)-(313). As φ¯2 > − 364β−2α−2φ¯−2pi2 there are always two ritial points, given by (313)-(312).
The ritial point at (R−
h
,q−) is outside the domain of physial interest as R−
h
< 0. The ritial point at (R+
h
,q+) is
an global minimum. The expression (313) implies that the ritial points are on the straight line dened by itself, on
the plane of the arguments of the eetive ation (311). Then, if we replae the value of the harge as a funtion of
R
h
, i. e., q(R
h
) as given in (313) into the eetive ation we obtain a one variable funtion of R
h
, written as
I∗(R
h
) =
1
32
βα3R3
h
− 1
2
βαφ¯2R
h
− αpiR2
h
, (314)
whih is a funtion of R
h
on the straight line dened by q = αR
h
φ¯. The zeros of this eetive ation on the straight
line are given by
R0
h
= 0 , (315)
R0
h
±
= 16β−1α−2pi
(
1±
√
1 +
1
16
β2α2φ¯2pi−2
)
. (316)
Here R−
h
< 0 is outside the physial domain of interest. As φ¯2 > − 116β−2α−2φ¯−2pi2 there are always three zeros of
the funtion (314), whih means that there are no phase transitions, as the zeros of the eetive ation maintain their
respetive hierarhy whatever the value of φ¯, whih is the order parameter of the system. So the lassial solution
28
is found in the global minimum of the ritial points (R+
h
,q+) of the eetive ation I∗(R
h
,q) (Eq. (311)). The
partition funtion Z
ren
(β, φ¯) an now be written, through the saddle-point approximation
Z
ren
(β, φ¯) ≈ P exp
[
−I∗(R+
h
,q+)
]
, (317)
lnZ
ren
(β, φ¯) ≈ lnP− I∗(R+
h
,q+) . (318)
where P is a slowly varying prefator, and I∗(R+
h
,q+) is the eetive ation evaluated at the global minimum ritial
point. By ignoring the prefator's logarithm, whih loser to (R+
h
,q+) is less relevant, we are able to determine the
value of m at the ritial point, where we nd that it orresponds to the value of the mass of the lassial solution of
the blak hole given in Eq. (177). Thus, when the ritial point dominates the partition funtion, we have that the
mean energy 〈E〉 is given by
〈E〉 = − ∂
∂β
lnZ
ren
≈ 1
32
α3(R+
h
)3 − 1
2
αφ¯2R+
h
=m+ , (319)
where m
+
is obtained from Eq. (309) evaluated at (R+
h
,q+). The thermal expetation value of the harge is
〈Q〉 = β−1 ∂
∂φ¯
lnZ
ren
≈ q+ , (320)
as given in Eq. (313). We now an write the temperature T ≡ β−1 as a funtion of the ritial point given by R+
h
and q
+
T =
1
4pi
(
3aR+
h
− 1
16
(
q
+
)2 (
aR+
h
)−3)
, (321)
with R+
h
expliitly written in (312), and where q
+
is given in Eq. (313). If we hoose the maximum harge of
the domain given by q
2 ≤ 3α4R4
h
/16, then we nd ourselves with the extreme solution of the blak hole, whose
temperature, if q
2 = 3α4R4
h
/16 is replaed into (321), is equal to zero. It an be shown that ∂m+/∂β < 0, whih
through the onstant φ¯ heat apaity Cφ¯ = −β2(∂ 〈E〉 /∂β) tells us that the system is thermodynamially stable.
Finally there is the entropy of the blak hole, S, whih is given by
S =
(
1− β ∂
∂β
)
(lnZ
ren
) ≈ 4piaR+
h
2
. (322)
Here we see that despite the fat that the extreme solution has null temperature, it has an entropy given in (322),
whih is independent of the value of the harge in the domain of validity of the approximation.
V. HAMILTONIAN THERMODYNAMICS OF A REPRESENTATIVE CHARGED DILATONIC BLACK
HOLE (ω = −3)
A. The metri
For ω = −3, the general metri in Eq. (2), the φ eld in Eq. (6), and the vetor potential (8) redue to the
following, respetively,
ds2 = −
[
(aR)2 − 2(aR) 12 M − 1
2
(aR)Q2
]
dT 2 +
dR2
(aR)2 − 2(aR) 12 M − 12 (aR)Q2
+R2 dϕ2 , (323)
e−2φ =
1
(aR)
1
2
, (324)
A = −1
2
(aR)
1
2QdT , (325)
with 2M = b and a = 4
√
3
3 |λ| = 2
√
6
3 l
−1
. In Fig. 3 the Carter-Penrose diagram of the blak hole solution for the ase
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FIG. 3: The Carter-Penrose Diagram for the ω = −3 ase, with M > 0.
ω = −3 is shown, whih is analogous to the ase ω = 0, where again the singularity at R = 0 is a urvature singularity,
and R =∞ is spatial innity. The horizon radius is given by the largest real solution of the following equation
(aR
h
)2 − 2(aR
h
)
1
2 M − 1
2
(aR
h
)Q2 = 0 . (326)
Note that this diagram, Fig. 3, holds for stati blak holes with positive mass M > 0. Here I and I' are the right
and left stati outer regions of the Carter-Penrose diagram, respetively, and II and II' are the future and past inner
dynamial regions of the Carter-Penrose diagram. R
h
is the horizon radius given in Eq. (326) and the spaelike
innity is asymptotially anti-de Sitter, both in the right and in the left regions, denoted by I and I', respetively.
There are no extreme blak hole solutions for ω = −3 [25℄.
Sine we are now familiar with the whole formalism, we will be briefer in this setion omitting several of the details.
B. Canonial formalism
The ation beomes, following Eqs. (21)-(23), and up to surfae terms,
S[Λ, R, Λ˙, R˙; N, N r] =
∫
dt
∫ ∞
0
dr
{
4 (aR)−
1
2Nλ2ΛR− (aR)− 12N−1Λ˙R˙+ 1
4
(aR)−
1
2N−1ΛR−1R˙2
+(aR)−
1
2N−1R˙(N rΛ)′ + (aR)−
1
2N−1N rΛ˙R′ − (aR)− 12N−1N r(N r)′ΛR′
−(aR)− 12N−1(N r)2Λ′R′ − 1
2
(aR)−
1
2N−1N rΛR−1R˙R′ +
1
4
(aR)−
1
2N−1(N r)2ΛR−1(R′)2
+
1
4
(aR)−
1
2NΛ−1R−1(R′)2 − (aR)− 12N(Λ−1)′R′ − (aR)− 12NΛ−1R′′
+ 2N−1Λ−1(aR)−
1
2R
(
Γ˙− Φ′
)2}
. (327)
Depending on the situation we use three dierent letters ontaining the same information but with slightly dierent
numerial values. Thus, a, λ, and l are related by a2 = 163 λ
2 = 83 l
−2
, where l is dened now as the AdS length. From
the ation above, we obtain the onjugate momenta
PΛ = −N−1(aR)− 12
(
R˙−R′N r
)
, (328)
PR = −N−1(aR)− 12
{
Λ˙− (ΛN r)′ − 1
2
ΛR−1(R˙ −R′N r)
}
, (329)
PΓ = 4N
−1Λ−1(aR)−
1
2R
(
Γ˙− Φ′
)
. (330)
By performing a Legendre transformation we obtain the Hamiltonian, whih is a sum of onstraints, i.e.,
H = N
{
−(aR) 12PΛPR + 1
4
a
1
2R−
1
2ΛP 2Λ + (aR)
− 1
2
[
(Λ−1)′R′ + Λ−1R′′ − 1
4
Λ−1(R′)2R−1
]
30
−4(aR)− 12λ2ΛR+ 1
8
NΛR−1(aR)
1
2P 2Γ
}
+N r {PRR′ − ΛP ′Λ − ΓP ′Γ}+ Φ˜ {−P ′Γ} ≡ NH +N rHr + Φ˜G . (331)
We an now write the ation in Hamiltonian form, whih reads
S[Λ, R, Γ, PΛ, PR, PΓ; N, N
r, Φ˜] =
∫
dt
∫ ∞
0
dr
{
PΛΛ˙ + PRR˙+ PΓΓ˙−NH −N rHr − Φ˜G
}
, (332)
with the onstraints dened in Eq. (331). From here we derive the equations of motion for the anonial variables
and respetive anonial momenta
Λ˙ = −N(aR) 12PR + 1
2
Na
1
2R−
1
2ΛPΛ + (N
rΛ)′ , (333)
R˙ = −N(aR) 12PΛ +N rR′ , (334)
Γ˙ =
1
4
N(aR)
1
2ΛR−1PΓ + (N rPΓ)′ + Φ˜′ , (335)
P˙Λ = −1
4
Na
1
2R−
1
2P 2Λ −
(
N(aR)−
1
2
)′
R′Λ−2 − 1
4
N(aR)−
1
2 (R′)2R−1Λ−2 + 4N(aR)−
1
2λ2R+N rP ′Λ
−1
8
N(aR)
1
2R−1P 2Γ , (336)
P˙R =
1
2
Na
1
2R−
1
2PΛPR +
1
8
Na
1
2R−
3
2ΛP 2Λ −Na−
1
2 (Λ−1)′(R−
1
2 )′
+
1
4
N(aR)−
1
2Λ−1R−1R′′ −
((
Na−
1
2
)′
Λ−1R−
1
2
)′
− 1
2
Na−
1
2Λ−1(R−
1
2 )′′
+2Na−
1
2 λ2ΛR−
1
2 + (N rPR)
′ +
1
16
NΛ(aR)
1
2R−2P 2Γ , (337)
P˙Γ = N
rP ′Γ . (338)
For a orret variational priniple to be applied, we have to nd out what surfae terms are left over from the variation
performed, with the purpose of deriving the equations of motion in Eqs. (333)-(338). These surfae terms are,
Surfae terms = N(aR)−
1
2R′Λ−2δΛ−N(aR)− 12Λ−1δR′ +
(
(aR)−
1
2
)′
Λ−1δR+
1
2
(aR)−
1
2Λ−1R−1R′δR
− N rPRδR+N rΛδPΛ +N rΓδPΓ + Φ˜δPΓ
∣∣∣∞
0
. (339)
In order to know the form of (339) for r→ 0, we assume
Λ(t, r) = Λ0 +O(r
2) , (340)
R(t, r) = R0 +R2r
2 +O(r4) , (341)
PΛ(t, r) = O(r
3) (342)
PR(t, r) = O(r) , (343)
N(t, r) = N1(t)r +O(r
3) (344)
N r(t, r) = O(r3) , (345)
Γ(t, r) = O(r) , (346)
PΓ(t, r) = Q0 +Q2r
2 +O(r4) , (347)
Φ˜(t, r) = Φ˜0(t) +O(r
2) . (348)
The surfae terms beome
Surfae terms|r=0 = −N1(aR)−
1
2Λ−10 δR0 − Φ˜0δQ0 . (349)
The asymptoti onditions for r→∞ are assumed as
Λ(t, r) =
√
6
4
lr−1 + 2
5
4 l
5
2 η(t)r−
5
2 +O∞(r−3) , (350)
31
R(t, r) = r + 2
3
4 l
3
2 ρ(t)r−
1
2 +O∞(r−1) , (351)
PΛ(t, r) = O
∞(r−2) , (352)
PR(t, r) = O
∞(r−4) , (353)
N(t, r) = R(t, r)′Λ(t, r)−1(N˜+(t) +O∞(r−5)) , (354)
N r(t, r) = O∞(r−2) , (355)
Γ(t, r) = O∞(r−2) , (356)
PΓ(t, r) = Q+(t) +O
∞(r−1) , (357)
Φ˜(t, r) = Φ˜+(t) +O
∞(r−1) . (358)
where l is the AdS length. The surfae terms, Eq. (339), for r →∞, are written as
Surfae terms|r→∞ = N˜+δM+ + Φ˜+δQ+ , (359)
where
M+(t) = 2
53−
5
4 η(t) + 223
1
2 ρ(t) . (360)
Here we pay attention to the fat that we an dene the above quantityM+, in Eq. (360), beause we do as explained
in subsetion IIA when ω < − 32 and absorb the divergene in the denition of M . This means that the M+ above
in Eq. (360) is in fat related to the mass plus the divergene, dened above as M(R∗), see Eq. (20) and below in
subsetion VC. The surfae term added to (332) is then
S∂Σ
[
Λ, R,Q0, Q+;N, Φ˜0, Φ˜+
]
=
∫
dt
(
2a−1(aR0)
1
2N1Λ
−1
0 − N˜+M+ + Φ˜0Q0 − Φ˜+Q+
)
. (361)
With this surfae term added we obtain a well dened variational priniple. What remains after variation of the total
ation, Eq. (332) and Eq. (361), is∫
dt
(
2a−1(aR0)
1
2 δ(N1Λ
−1
0 )−M+δN˜+ +Q0δΦ˜0 −Q+δΦ˜+
)
. (362)
The surfae terms oming from the variation of the total ation disappear as the result of the xation of N1Λ
−1
0 on
the horizon, r = 0, and of N˜+(t) at innity, r→∞, with the same happening respetively to Φ˜0 at r = 0 and to Φ˜+
at r →∞.
C. Reonstrution, anonial transformation, and ation
Repeating the steps of the two previous setions, we now give the main results onerning ω = −3. The vetor
potential is
A = −1
2
(aR)
1
2QdT + ξ , (363)
where there is the funtion ξ = ξ(t, r). Expanding for (t, r) we nd
A =
(
−1
2
(aR)
1
2QT ′ + ξ′
)
dr +
(
−1
2
(aR)
1
2Q T˙ + ξ˙
)
dt , (364)
out of whih we infer that
PΓ = Q . (365)
The metri funtion is given by the expression
F = (aR)2 − 2(aR) 12 M − 1
2
(aR)P 2Γ . (366)
The Killing time T = T (t, r) is a funtion of (t, r), where we nd that
− T ′ = F−1ΛPΛ(aR) 12 , (367)
32
whih is equal to minus the onjugate momentum of the new variable M , or PM = PM (t, r) ≡ −T ′(t, r). With the
help of Eq. (367) we nd F = F (t, r) as a funtion of the anonial variables,
F = (R′)2Λ−2 − aRP 2Λ . (368)
Summing up, the anonial transformations are
R = R ,
M =
1
2
(aR)−
1
2
(
(aR)2 − 1
2
(aR)P 2Γ − F
)
,
Q = PΓ ,
P
R
= PR − F−1R−1Λ−2
[
RR′ΛP ′Λ +
1
2
(R′)2PΛΛ−RR′′ΛPΛ +RR′Λ′PΛ
]
+
1
4
R−1ΛPΛ − 4λ2F−1PΛRΛ + 1
8
aF−1ΛPΛP 2Γ ,
PM = F
−1ΛPΛ(aR)
1
2 ,
PQ = −Γ + 1
2
(aR) ΛPΛPΓ . (369)
In addition, the relevant inverse transformations bak to the old variable Λ and respetive onjugate momentum PΛ
are
Λ =
(
F−1(R′)2 − FP 2M
) 1
2 , (370)
PΛ = (aR)
− 1
2FPM
(
F−1(R′)2 − FP 2M
)− 1
2 . (371)
We have to show that this transformation is anonial. This requires using the identity
PΛδΛ + PRδR+ PΓδΓ− PMδM − P
R
δR− PQδQ =
(
1
2
(aR)−
1
2 δR ln
∣∣∣∣∣ (aR)−
1
2R′ + ΛPΛ
(aR)−
1
2R′ − ΛPΛ
∣∣∣∣∣
)′
+
+ δ
(
ΓPΓ + ΛPΛ +
1
2
(aR)−
1
2R′ ln
∣∣∣∣∣ (aR)−
1
2R′ − ΛPΛ
(aR)−
1
2R′ + ΛPΛ
∣∣∣∣∣
)
.(372)
We now integrate Eq. (372), in r, from r = 0 to r =∞. The rst term on the right hand side of Eq. (372) vanishes
due to the fallo onditions, Eqs. (340)-(348) and Eqs. (350)-(358). We obtain then the following expression∫ ∞
0
dr (PΛδΛ + PRδR + PΓδΓ)−
∫ ∞
0
dr
(
PMδM + P
R
δR+ PQδQ
)
= δω [Λ, R, Γ, PΛ, PΓ] , (373)
where δω [Λ, R, Γ, PΛ, PΓ] is a well dened funtional, whih is also an exat form. As above, this equality shows that
the dierene between the Liouville form of {R, Λ, Γ; PR, PΛ, PΓ} and the Liouville form of
{
R, M, Q; P
R
, PM , PQ
}
is an exat form, whih implies that the set of transformations (369) is anonial.
With this result, we write the asymptoti onditions of the new anonial oordinates for r→ 0
F (t, r) = 4R22Λ
−2
0 r
2 +O(r4) , (374)
R(t, r) = R0 +R2 r
2 +O(r4) , (375)
M(t, r) = M0 +M2 r
2 +O(r4) , (376)
Q(t, r) = Q0 +Q2r
2 +O(r4) , (377)
P
R
(t, r) = O(r) , (378)
PM (t, r) = O(r) , (379)
PQ(t, r) = O(r) . (380)
where we have
M0 =
1
2
(aR0)
− 1
2
(
(aR0)
2 − 1
2
(aR0)Q
2
0
)
, (381)
M2 = −
[− 12 (aR0)Q20 + (aR0)2]R2
4R0(aR0)
1
2
+
2a2R20R
2
2 − 12
[
2(aR0)Q0Q2 + aQ
2
0R2
] − 4R22Λ−20
2(aR0)
1
2
, (382)
33
and a = l−1
√
8/3. For r →∞, we have
F (t, r) =
4
3
l−2 r2 − 16
3
(√
2 l−1
6
) 1
2 (
8η(t) + 3
1
2 ρ(t)
)
r
1
2 +O∞(r0) , (383)
R(t, r) = r +
(√
2
2
l−1
)− 3
2
ρ(t) r−
1
2 +O∞(r−1) , (384)
Q(t, r) = Q+(t) +O
∞(r−1) , (385)
M(t, r) = M+(t) +O
∞(r−
1
2 ) , (386)
P
R
(t, r) = O∞(r−4) , (387)
PM (t, r) = O
∞(r−
9
5 ) , (388)
PQ(t, r) = O
∞(r−2) . (389)
where M+(t) is dened in Eq. (360).
We now write the future onstraint M ′ as a funtion of the older onstraints
M ′ = −Λ−1
(
R′H + (aR)
1
2PΛ (Hr − ΓG)− 1
2
(aR)
1
2ΛPΓG
)
. (390)
Using the inverse transformations of Λ and PΛ in Eqs. (370) and (371), we obtain the same form for the old onstraints
as funtions of the new variables
H = −M
′F−1R′ + FPMP
R
− 12 (aR)
1
2QQ′F−1R′(
F−1(R′)2 − FP 2M
) 1
2
, (391)
Hr = PMM
′ + P
R
R
′ + PQQ′ , (392)
G = −Q′ . (393)
The new Hamiltonian, the total sum of the onstraints, an now be written as
NH +N rHr + Φ˜G = N
MM ′ +NRP
R
+NQQ′ . (394)
The new multipliers are, using Eqs. (391)-(394),
NM = − NF
−1R′(
F−1(R′)2 − FP 2M
) 1
2
+N rPM , (395)
NR = − NFPM(
F−1(R′)2 − FP 2M
) 1
2
+N rR′ , (396)
NQ = −1
2
N(aR)
1
2F−1R′Q(
F−1(R′)2 − FP 2M
) 1
2
+N rPQ − Φ˜ . (397)
Using the inverse transformations Eqs. (370)-(371), and the identity R = R, we an write the new multipliers as
funtions of the old variables
NM = −NF−1R′Λ−1 +N rF−1ΛPΛ(aR) 12 , (398)
NR = −NPΛ(aR) 12 +N rR′ , (399)
NQ = −1
2
N(aR)
1
2F−1R′Λ−1PΓ −N rΓ + 1
2
N r(aR) ΛPΛPΓ − Φ˜ . (400)
For r → 0 we have,
NM (t, r) = −1
2
N1(t)Λ0R
−1
2 +O(r
2) , (401)
NR(t, r) = O(r4) , (402)
NQ(t, r) = −1
4
Q0R
−1
2 (aR0)
1
2N1Λ0 − Φ˜0 +O(r2) . (403)
34
and for r →∞ we have
NM (t, r) = −N˜+(t) +O∞(r−2) , (404)
NR(t, r) = O∞(r−
1
2 ) , (405)
NQ(t, r) = −Φ˜+(t) +O∞(r−1) . (406)
Again, for r → 0, xing NM (t, r), whih means xing N1Λ0R−12 , is not equivalent to xing N1Λ−10 . It is thus neessary
to rewrite NM for r → 0. The same is true of xing NQ(t, r) when r → 0. In this ase it is not the same if one xes
− 14Q0R−12 (aR0)
1
2N1Λ0− Φ˜0 or just Φ˜0. So, assumingM0 as a funtion of R0 and Q0 allows one to dene the horizon
radius R0 ≡ R
h
(M0, Q0). We are thus working in the domain where M0 > Mrit(Q0) = (a
3
2 − 1) Q30
12
√
6
, the domain
of the lassial blak hole solution. The variation of R0 is given in terms of the variations of M0 and of Q0 in the
expression
δR0 =
(
3
4
a (aR)
1
2 − 1
8
a (aR0)
− 1
2Q20
)−1(
δM0 +
1
2
(aR0)
1
2Q0δQ0
)
. (407)
The new multiplier N˜M is obtained from the old NM as
N˜M = −NM
[
(1− g) + (aR0)− 12 g
(
3
4
a (aR0)
1
2 − 1
8
a (aR0)
− 1
2Q20
)−1]−1
, (408)
N˜Q = −1
2
N˜M g Q0
(
3
4
a (aR0)
1
2 − 1
8
a (aR0)
− 1
2Q20
)−1
−NQ , (409)
where a = 4
√
3
3 |λ| = l−1
√
8/3, and g(r) = 1 +O(r2) for r → 0 and g(r) = O∞(r−5) for r →∞. This new multiplier,
funtion of the old multiplier, N˜M , has as its properties for r →∞
N˜M (t, r) = N˜+(t) +O
∞(r−2) , (410)
N˜Q(t, r) = Φ˜+(t) +O
∞(r−1) , (411)
and as its properties for r→ 0
N˜M (t, r) = N˜M0 (t) +O(r
2) , (412)
N˜M (t, r) = Φ˜0(t) +O(r
2) , (413)
where N˜M0 is given by
N˜M0 = N1Λ0R
−1
2
(
3
8
a2R0 − 3
48
aQ20
)
(414)
M ′=0=Q′
= N1Λ
−1
0 . (415)
With this new onstraint N˜M , xing N1Λ
−1
0 or xing N˜
M
0 is equivalent, and the same happens with N˜
Q
, where xing
Φ˜0 is xing the multiplier N˜
Q
in the limit r → 0. There are no problems with NR, whih is left as determined in Eq.
(399).
The new ation is then, summing both the bulk and the surfae terms,
S
[
M,R, Q, PM , P
R
, PQ; N˜
M , NR, NQ
]
=
∫
dt
∫ ∞
0
dr
{
PMM˙ + P
R
R˙+ PQQ˙+N
QQ′ −NRP
R
+N˜M
[
(1− g)M ′ + g
(
3
4
a (aR)
1
2 − 1
8
a (aR0)
− 1
2Q20
)−1
[
(aR0)
− 1
2M ′ +Q0Q′
]]}
+∫
dt
(
2a−1(aR0)
1
2 N˜M0 − N˜+M+ + Φ˜0Q0 − Φ˜+Q+
)
. (416)
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The new equations of motion are now
M˙ = 0 , (417)
R˙ = NR , (418)
Q˙ = 0 , (419)
P˙M = (N
M )′ , (420)
P˙
R
= 0 , (421)
P˙Q = (N
Q)′ , (422)
M ′ = 0 , (423)
P
R
= 0 , (424)
Q′ = 0 . (425)
Here we understood NM to be a funtion of the new onstraint, dened through Eq. (408). The resulting boundary
terms of the variation of this new ation, Eq. (416), are, rst, terms proportional to δM , δR and δQ on the initial and
nal hypersurfaes, and, seond, the term
∫
dt
(
2a−1(aR0)
1
2 δN˜M0 −M+δN˜+ +Q0δΦ˜0 −Q+δΦ˜+
)
. Here we used the
expression in Eq. (407). The ation in Eq. (416) yields the equations of motion, Eqs. (417)-(425), provided that
we x the initial and nal values of the new anonial variables and that we also x both the values of N˜M0 and
N˜+, and Φ˜0 and Φ˜+. Thanks to the redenition of the Lagrange multiplier, from N
M
to N˜M , and from NQ to N˜Q
the xation of those quantities, N˜M0 and N˜+, and Φ˜0 and Φ˜+, has the same meaning it had before the anonial
transformations and the redenition of NM and NQ. This same meaning is guaranteed through the use of our gauge
freedom to hoose the multipliers, and at the same time not xing the boundary variations independently of the hoie
of Lagrange multipliers, whih in turn allow us to have a well dened variational priniple for the ation.
D. Hamiltonian redution
We now solve the onstraints in order to redue to the true dynamial degrees of freedom. The equations of motion,
Eqs. (417)-(425), allow us to write M and Q as independent funtions of the radial oordinate r
M(t, r) = m(t) , (426)
Q(t, r) = q(t) . (427)
The redued ation, with the onstraints and Eq (427) taken into aount, is
S
[
m,q,p
m
,p
q
; N˜M0 , N˜+, Φ˜0, Φ˜+
]
=
∫
dt p
m
m˙+ p
q
q˙− h , (428)
where
p
m
=
∫ ∞
0
dr PM , (429)
p
q
=
∫ ∞
0
dr PQ , (430)
and the redued Hamiltonian, h, is now written as
h(m, q; t) = −2a−1(aR
h
)
1
2 N˜M0 + N˜+m+
(
Φ˜+ − Φ˜0
)
q , (431)
with R
h
being the horizon radius. We also have that m > M
rit
(q). The equations of motion are then
m˙ = 0 , (432)
q˙ = 0 , (433)
p˙
m
= (aR
h
)−
1
2
(
3
4
a (aR
h
)
1
2 − 1
8
a (aR
h
)−
1
2
q
2
)−1
− N˜+ , (434)
p˙
q
=
1
2
q
(
3
4
a (aR
h
)
1
2 − 1
8
a (aR
h
)−
1
2
q
2
)−1
+ Φ˜0 − Φ˜+ . (435)
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Here m and q are equal to the mass parameterM and the harge parameter Q of the lassial solution in Eq. (323).
The third equation of motion, Eq. (434), desribes the time evolution of the dierene of the Killing times on the
horizon and at innity, due to p
m
= T0−T+ and Eq. (429). The last equation, Eq. (435), gives the time evolution of
p
q
as the dierene between the time derivatives of the eletromagneti gauges ξ(t, r) on the horizon and at innity
due to p
m
= ξ0 − ξ+ and Eq. (430).
E. Quantum theory and partition funtion
The steps developed in Setions III and IV an be readily used here. So we do not spell out the orresponding
alulations in detail. Thus, obtained as above, the time evolution operator is
K (m,q; T ,Θ,Ξ0,Ξ+) = exp
[
−imT + 2 i a−1 (aR
h
)
1
2Θ− iq (Ξ+ − Ξ0)
]
. (436)
We an now develop the thermodynami analysis as in Setions III and IV.
F. Thermodynamis
We an now build the partition funtion for this system, with the Hamiltonian given in Eq. (431). The steps are
the same as was the ase with ω =∞ and ω = 0. The thermodynami ensemble is also the grand anonial ensemble.
Again, with T = −iβ, Θ = −2pii, Ξ0 = 0, and Ξ+ = iβφ¯, we write the general form of the partition funtion as
Z = Tr
[
Kˆ(−iβ,−2pii, 0, iβφ¯)
]
. (437)
This is realized as
Z
ren
(β, φ¯) = N
∫
A′
µ˜ dR
h
dq exp(−I∗) , (438)
where N is a normalization fator, A′ is the domain of integration given by 0 ≤ R
h
and q
2 ≤ 6aR
h
, and the funtion
I∗(R
h
,q), a kind of an eetive ation [16℄. I∗(R
h
,q), is written as
I∗(R
h
,q) :=
β
2
(aR
h
)
3
2 −
(
β
4
a
1
2
q+ 4pia−
1
2
)
R
1
2
h
− qφ¯β . (439)
Its ritial points are at
R±
h
=
4
3
piβ−1a−2
(
1±
√
1 +
3
8
β2a2pi−2φ¯2
)
, (440)
q
± = −2φ¯(aR±
h
)−
1
2 . (441)
Given that φ¯2 > − 83β−2a−2pi2 there are always two ritial points, but only R+
h
is physial as it is positive, R+
h
> 0.
The other ritial point is negative, R−
h
< 0. Determining the zeros of the ation (439) when Eq. (441) holds, we get
R0
h
±
= 4piβ−1a−2
(
1±
√
1− 1
8
β2a2pi−2φ¯2
)
. (442)
Now, for dierent values of φ¯2 we may have dierent signs for the ation (439) evaluated at the physial ritial point
R+
h
. So, for φ¯2 > 8β−2a−2pi2 there are no zeros and I∗(R+
h
) > 0, where we take q+ = q+(R+
h
) to be a funtion of the
ritial point radius R+
h
. If φ¯2 = 8β−2a−2pi2 then the eetive ation (439) has one zero only, at R+
h
, i. e., I∗(R+
h
) = 0.
Finally, if φ¯2 < 8β−2a−2pi2 then we have two zeros, given in Eq. (442), and I∗(R+
h
) < 0. Then, despite the variation
of the sign of the eetive ation at the physial ritial point (R+
h
,q+), there are no new minima when the order
parameter φ¯ is hanged aross the border given by φ¯2 = 8β−2a−2pi2, whih means that there are no phase transitions,
as the lassial phase orresponds always to the global minimum. We an now derive the basi thermodynami results,
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as long as the approximation for the saddle point is valid, whih means that we have to work in the neighborhood of
the lassial solution (323), where the ritial point dominates. The expeted value of the energy E is
〈E〉 =
(
− ∂
∂β
+ β−1φ¯
∂
∂φ¯
)
lnZ
ren
≈ 1
2
(aR+
h
)
3
2 − 1
4
(aR+
h
)
1
2
q
2 =m+ . (443)
The harge expetation value is
〈Q〉 = β−1 ∂
∂φ¯
lnZ
ren
≈ q+ . (444)
Here we have the temperature T ≡ β−1 given by
T =
1
4pi
(
3
2
a2R+
h
− 1
2
a
(
q
+
)2)
. (445)
It an be shown that the derivative of m
+(β) with respet to β is negative, whih means that the heat apaity is
positive, i. e., Cφ¯ = −β2
(
∂〈E〉
∂β
)
> 0. The system is thus stable. Finally the entropy is given by
S =
(
1− β ∂
∂β
)
(lnZ
ren
(β)) ≈ 4pi
√
a−1R+
h
. (446)
The result reovers the entropy for the three-dimensional harged dilatoni blak hole with ω = −3 (see also [28℄).
VI. CONCLUSIONS
We have extended the work done in [1℄ by adding a Maxwell term to the three-dimensional Brans-Dike ation, and
thus, have ontinued Louko and ollaborators' program [2, 3, 4, 5, 6, 7℄ (see also [8, 9℄)) of studying the thermodynami
properties through Hamiltonian methods of blak holes in several theories in dierent dimensions. Speially we
have alulated the thermodynami properties of blak hole solutions with asymptotis that allow a well formulated
Hamiltonian formalism in three-dimensional Brans-Dike-Maxwell gravity. Only ertain values of the Brans-Dike
parameter ω are allowed in this junture. The orresponding theories are general relativity, i.e., ω → ±∞, a dimen-
sionally redued ylindrial harged four-dimensional general relativity theory, i.e., ω = 0, and a theory representing
a lass of harged dilaton-gravity theories, with a typial ω given by ω = −3, all of these oupled to a Maxwell eld.
We have shown that for these theories, with well dened asymptotis for geometri and eletromagneti variables,
the formalism ts well. It was possible to have a well dened eletri eld for all the values of ω studied. As in [1℄
several modiations were needed. First, in the powers of the fall-o onditions, and seond due to the presene of
the salar eld, whih was reeted in the fat that it hanged the powers of the radial R oordinate, to name a few.
Of ourse, the addition of eletromagnetism also introdued a new pair of anonial variables, whih added a good
deal of omplexity to the alulations. Namely, the treatment of the mass term when eletromagneti interation is
inluded is not trivial at all in this Hamiltonian formalism in three dimensions, sine there is a divergent asymptoti
behavior of the mass M . Within the Hamiltonian formalism we solved this problem by introduing a renormalized
mass. This redenition of the mass ts perfetly into the formalism for the ω → ±∞ (i.e., general relativity), it is
not needed in the ω = 0 ase, and onforms to the ω = −3 ase. Although, in order to build a three-dimensional
Lorentzian Hamiltonian theory with eletri harge, these modiations had to be made, a quantum theory and a
statistial desription of the systems in question in a grand anonial ensemble were derived, and the orresponding
thermodynamis, with preise values for the entropy of the blak holes studied, was established.
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